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Abstract - This paper develops the statistical properties of
the nonlinear energy operator ¥(s) = (5)2-s5 and a related
energy separation algorithm (ESA). The ESA uses ¥ to

demodulate noisy AM-FM signals. The performance of ¥ and
the ESA when applied to bandpass noisy AM-FM signals is
examined. The predicted performance is found to be greatly
improved if the local signal frequencies occur within the filter
passband. Using this observation, a multiband energy
operator and ESA approach is devised. The results suggest
that greatly improved practical strategies are feasible for
tracking and identifying local pattern coherencies manifested
as local concentrations of signal frequencies.

I.INTRODUCTION
Methods for the accurate and efficient extraction of

amplitude modulation (AM) and frequency modulation (FM)
information in signals of the form

s(t) = a(t) cos[9()] M
are of increased recent interest, owing to heightened use of
modulation models for e.g., speech signal production [1], [2]
and certain structures in optical images [3]. In (1), s(#) has
time-varying amplitude a() and instantaneous frequency

o)=¢ ).

where ¢ = d¢/dt. The model (1) is most useful if a(1),
,(t) do not vary too rapidly [5].
The simple and elegant nonlinear signal operator
Y(s) = (5)2-s5
developed by Teager [1] and systematically introduced by
Kaiser [4] is effective for detecting AM and FM modulation
information in arbitrary AM-FM signals [5], in speech
signals [5], [6] and in its 2-D form, in image signals [7].
Indeed, for AM-FM signals of the form (1),
¥(s) = a2(O) 0 ()
W)= a(nwi()
with negligible error under general realistic conditions (5],
[6]. This motivated the energy separation algorithm (ESA):
a 2;:) =¥Xs)/ W) ()
@i (1) ="P($)/¥(s) 3)
to estimate a2 (¢), m.z (t). Maragos, Kaiser, and Quatieri
[5], [6] analyzed (2), (3) in detail and developed error bounds,
which under general conditions are quite small.
*ACB was supporied by a Texas Instruments grant while on sabbatical at

Harvard. PM was supported by NSF Grant MIP-9120624 and a NSF PYI
Award. TFQ was supported in part by the Department of the Air Force.

Here we assume the deterministic approximation errors in (2),
(3) to be small, and consider the effects of noise on the

effectiveness of the operator ¥ and the ESA. In significant
noise, ¥ is rendered unpredictable and the ESA unreliable.

However, multiband prefiltering of the noisy modulated
signal can provide greatly improved resulits.

II. STATISTICS OF ¥

Next the basic statistical properties of the operator ¥
applied to a random signal n(t) are developed. Assume that
n(t) is a zero-mean, stationary Gaussian process with
autocorrelation R(T) and spectral density ®(w).

Since n(t) is Gaussian, n(t) and n(t) are also, which
simplifies the computation of the moments of

¥(n) = (1) - nii.
Note that
Var[n] = R(0),
Var[#i] = R“(0),
where R®(7) = d *R(7) ] d7*. Then
E[¥(n)] = -2RP(0) = 1; JR o &(0) do,
the spectral variance of n(¢). The variance is found for
Gaussian n(t) using Isserlis's formula [8]:
Var[¥(n)] = 3 [RP(0)]? + RORD(0) .
Both increase dramatically with higher frequencies in n(¢).
Clearly ¥ (n) can be negative - highly undesirable, in

Var{n] = -R@(0)
E[nii] = R2(0),

view of the interpretation of ¥ as energy and the definition of
the ESA (2), (3). Positivity of the output of ¥ has been
explored in detail in [9].
Lastly, in evaluating the ESA the statistics of W(n) are of
use. From the preceding it is easily established that
E[¥() = 28“(0)
Va[¥m)] = 3 [RD0)]? + RP0)R©(0).

III. ENERGY OF BANDPASS AM-FM SIGNALS

Consider the noisy AM-FM signal
F @) =s@)+n()
with s(t) given by (1), n(t) given in Section II. Define the

bandpass filter with center frequency @, impulse response

2o(1) =2 h{t) sin (w,1), )
and frequency response
Giw) = (1)) [Hiw-w,) - Hy(wro,)] %
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where
Hyfw)= o'RH(ar0),
H(w) is a low-pass filter with even-symmetric impulse
response h(f) and o > 0 is a bandwidth parameter.
Define the kth-order spread about @ =to::
Vi@ = L [f“(m;oz)z"lﬂ(m)l2 do] 6)

minimized at @ = 0: V,§ %(0) = igf { V¥ (@)}. Note that
1 1
Viig(@) = oV (),
so the bandwidth of H s(®) increases linearly with ©.
Assume the (+), (-w) parts of G (@) do not overlap:
G =1Hy(o 0 ) 2+ Hy(o+ 0,) 2.
We assume constant energy across scales:
1 2 d o=
= .IHo(a))l do=1.
Now denote the filtered signal-plus-noise combination
So8) =548 + ng )
where s5(2) = 5(1) * g 5(2), ng(t) = n(t) * g4(t). The

rest of this section is devoted to analyzing the bandpass filter
[ energy operator system depicted in Fig. 1.

A. Filtered Signal Approximations
The following important approximation is made

throughout this paper: if s(¢) = a(t)cos[¢(t)] is input to
the linear system with frequency response G 4(w) (5), then
the response s4(f) can be approximated

solt) = a()IG ,(t)]lcos{ e+ LGl w (0] }. Q)]
For sinusoidal s(#), (7) is exact; indeed, (7) is a quasi-
extension of the concept of linear system eigenfunction.
Generally the error is bounded as follows. First:

8,60= |, 7 g a2
&a)=[ IR a2 di] 2
Theorem 1 - Let (1) = Is4(t) - 5 o{f) |. Then
&)< %amx A (86)8(w)) +2 A (go)-8(a),
where a_, = sup la(D)I. '
Theorem l’bounds & in terms of the duration of g(f) and

the smoothness of the AM-FM functions a and w; expressed

as Sobolev 2-norms [3]. Theorem 1 also approximates the
derivatives of the response sq(f): (D * = d ¥/dik)

D kso(t) = a(t) 1o () K IG @ )]}
-cos () + LG fw ()] + 45 }. (8)

Fig. 1. Block diagram of basic single-band energy operator.

We assume (8) for k = 1, 2, 3. By Theorem 1, the validity of
(8) requires that A (D ¥g,), be small k < 3.
Reasoning similar to Theorem 1, approximate the energy
¥ of the filtered signal component sq(z) and its derivative:
-
W(se) = a(O)o A )G o ()12 )}

and ¥(5) = @ 2(t)¥(s,). First define g5 = IR lgol0)l dt.

Theorem 2 - Let £y() = 1¥(sq) - ; (sg)l - Then
£y () S$ (@2 8@ ) ZoAF o
+EAY80) + 28 BB )]
+2a,, M Zo G o)+
EMED +28AE]. o

In Theorem 2 and the approximations in (8), (10), the
errors are small when D g 4(¢) is of short duration, 0< k< 3.

B. Filtered Noise Approximations
Denote the autocorrelation of ng(t) by Rg(T) with
spectrum ® (W) = IG o{ w)12d(w). Of interest are the (2k)-
derivatives of Rg(7) at T=0:
REVO =35 [ (0HGLaPd@rdo
An important approximation will often be used:
REF ) ~Rs (@), an
where for € R
~(2)
Ry (@) = (-1 G A a)lPT 5 (12)
and the filtered noise power:
1

-L[|G 2
Fomie ] 8] o o

The veracity of (11) is made clear next.
® %) o0y
Theorem 3 - Let £ V(@) = R (0)-Rg (@)l Then

ePy <200 [ 22l v, P (@2
(g u—l[ Vit (2 ]k+1] +I1-|Gi:(%‘2| 1

where ®,,,. = sUp Ib(w)l and V4" is given by (6). &
The validity of (11), (12) requires two assumptions. First,

the spread V;}l about (@- @ ;)/0 must be small: & must fall

within the (small) passband of Gg. Even then lIG g(a)! -
IGo(w o)l should be small, implying that the in-band
amplitude response |G o{w)! be flat (Fig. 2).

>

(2]

@c

Fig. 2. The validity of (11), (12) requires that the indicated
(arrowed) quantities be small.



We use in a specific form of (11). When analyzing fo(f) or
noise nq(f) at time ¢, we use (11) with a = @,(?):
%) ~(2k)
RO =Rs [0i1)- (13)
This is a time-varying approximation to the autocorrelation

of the filtered noise. In using (13), there is a tacit assumption
that where fo(f) is being analyzed, it is being done so with a

filter that is concentrated in the vicinity of w i(¢).

C. Filtered Noisy AM-FM Signal Approximations
First note that

¥(fo) = ¥(s0) + ¥(no) + 2 ofto- sofia- Sono
with zero-mean trailing terms. From (13) the expected energy
of the filtered signal-plus-noise is approximately:
EM¥ (o)l = 0 (Gol 0 012X + 2Tl (14)
E¥(fo) = of OiGel @ (OIP[aX) +2Tel.  (15)
Although the ratio of (15) to (14) is an appealing
approximation of the expected value of the ESA (2), such an

approximation must be carefully justified, particularly since
the energy operator may take values near zero.

Var[¥(fo)] = 40 (DIG ol 0 ()T o a2($)+ To)
Va[¥(fo)] = 40 (OIG o 0 ()]4T o{a2(t)+ Tol.

IV. COMPUTING THE ESA IN NOISE

Here we justify the ESA (2), (3) in the presence of noise,
where filtering is applied to reduce the noise contribution.
Figure 3 depicts the analyzed ESA system.

A. Large SNR ESA Approximations
Define the instantaneous signal-to-noise ratio:

SNR() =aXt) / Tq
For SNRg(t) large, 2nd-order approximations to the
expected ESA (2), (3) are useful :
~2
Eoi()] = 0?®{1+

~ol@)

4 SNR4 (1) }

[SNRg(t)+2]7
(large SNR), (16)
and
5[22(:)1=a2(:){1+ 10 SNRg(t) +4 ]
SNRs( )[SNRg(t) +2]
Gl 1?2

= a2(t)iGglw ()2 (large SNR). a7
The justifications for (16), (17) and the following are omitted
here to conserve space. For the variances of the ESA:

Fig. 3. Diagram of basic ESA with noisy input.

~2 . 4[SNRg(t)-1]
Var{w; (0] = 0" () [ SNRU_“(,);T 12 (18)
and
~s SSNRg(t) +1
Var{a %(t)] = 4a*(r) SNRZ(1) IGolw (O . 19)

Although the variances (18), (19) increase dramatically with
the fourth powers of ® (1), a(t), the ratios of (18), (19) to

the squares of (16), (17) are negligible at reasonable values of
SNR(t). Both ratios fall below 0.1 for SNR4(z) < 34. It
subsequently follows that for SNR(?) sufficiently large:

@i =0 0)
a2(1) = a(B)iG @ (]2, (21)
In (21) w ;(+) may be estimated using (20) then used to

compute G g{@ ;(1)]. Another approach is to use filters with
flat in-band responses, as discussed earlier.

V.MULTIBAND FILTERING AND ESA

Figure 4 diagrams a multiband energy operator system. A
signal f(#) passes through multiple filters gm(2), Gm(®)
with Om, Om, producing outputs fm(t), m=1,.., M.

Following filtering, energy demodulation using ¥ is
applied to each output. At each instant ¢ the response having
the maximum normalized energy

Y = | fmax Hm@]
|G m(wm)|?
is input to the ESA. Hence a filter is available with large
response, yielding stable computation of the ESA (depicted
by dotted lines in Fig. 4).

Criteria for the filters g4 can be explored in depth; a
variety of criteria affect the design. Due to space, these are
not fully developed here. Briefly, to reduce the errors in the
Theorems, products of the form Al(h)VHm(O) be small,
suggesting that h(t) be Gaussian. The functions (4) are then
Gabor functions. Another important criterion is that the
passband of H(w) be approximately flat. This conflicts
with a Gabor configuration. While it is interesting to
consider the design of low uncertainty filters that have
relatively flat passbands, there is no immediately apparent
procedure for such a design. In any case, the error bounds in
the preceding give worst-case performance.

Fig. 4. Multiband filtering and ESA applied to
noisy AM-FM signal.



A. Multiband Filtering

Make the practical assumption that the system of interest
produces signals falling in a specific band of frequencies with
fixed upper bandlimit £2 .. Others have used time/frequency
windows of constant width on a log scale [10], [11]. Theorem
3 gives additional motivation. The modeling error is

approximately scaled by |o4] 2k-1 [ Vf;u'l)( F )]k; to

maintain consistent performance across channels, let %";' =
constant. Also define the subband center frequencies to have
l-octave separation: @, =321 Q im=1,..,M-1
and the baseband center frequency: wy = 2 Q.

Assume (sine) Gabor wavelets

Gm@) =1 /pE— [exp{-(*532)2 }exp(- (2532) 2} ].

which satisfy the usual wavelet admissibility/reconstruction
conditions [10], [11]. However, here it is most important that
the frequency domain be adequately sampled. One-octave
(half-peak BW) filters achieve both prescriptions:

om=22(In 2y 2=2" V(i 2]2 0.

VL EXAMPLE
Assume WLOG that 2, = 1. Consider a pure chirp signal:
(6) = ap cos(ans?)
over the time window ¢ € [1/(2M wg), 1/(2wg)] over which
® (t) = 204t falls in the band [21-M, 1] (avoiding the

baseband). First consider the noise-free case. From (9), (10),
for the normalized energy of the filter response at time #:

_¥(m) 2002 - Gm(Zwor) 2
IGm@mi 2 = ad Qo) IG (@m
so, to select the (index of the) ana1y51s channel at time £:
* GmQuor) |~ _
0= g | 1B, R 0w

[assuming H(2ax¢ + ay) = 0]. Then m = m*(¢) for
(rebg)2m<s<(adg)2™. 22)
Now suppose s(#) is immersed in Gaussian white noise:
(W)= % ;weR.
Of course, for this noise model, image prefiltering using
bandpass filters is an absolute necessity. From Section III-C,
for m = m*(t), the normalized energy moments are

Em] o Q)2 (a § + 4110m)
|Gm(0)mx2

exp{ 2(20)0! wm) } (23)
Vaf¥(f m)]

o = 20 Q) (1§ + 2n0m)

- 2
cexp(-4(224z0m)) (24)
Expressions for W (Jm) are the same {multiplied by (2ayy¢)2].

IGm@m)

Now suppose g # m*(f). Determine the normalized out-
of-band expected energy using (11) with a = @
M_]? ~ Moo} (25)
Gg(ogq)
A. Channel Selection
From (22) 2w0t>‘%)2'”‘ when m=m*(t), so the ratio
of (23) to (25) is bounded below by (£ )2 > 2™In 2
y (%) S0,

where snry =(n—,§-) For snrg large, the in-band channel will
dominate the noise channels. However, it should be observed
that ¥ can be sensitive when a low frequency signal is to be
detected in high-frequency noise.

B. ESA Computation

If the correct channel is selected, the ratio of the square of
(23) to (24) to the is bounded below by 2™ ¥In 2 snro. So, for
reasonably high snry the normalized energies satisfy

Msaa (Zﬂbl)z

1Gm@m)2
E[¥('m)] ~ad (2(001)4
IGm(@m)2
As desired Lhe ESA will then yield for ¢ satisfying the above:
PHO D4 aXn))=ag

VII. FUTURE WORK

Future work includes digital versions using the discrete-
time energy operator [4] and extensions to allow the analysis
of multi-component AM-FM signals:

s(t) = Z a (1) cos[¢ KOl (26)

This will involve u'ackmg multiple components that merge,
vanish, or contain discontinuities. Although the problem is
difficult, the model (26) may find widespread application.
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