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Abstract—This paper proposes a novel technique for 

applying virtual fixtures in a changing environment. The main 

targeted application is robotic beating heart surgery, which 

enables the surgeon to operate directly on a beating heart. 

Using a motion compensation framework, the motion of the 

heart surface is stabilized in a virtual space, which is presented 

to the surgeon to operate in. Consequently, the fixture is 

implemented in this static space, bypassing problems of 

dynamic fixtures such as position update, placement and force 

transients. Randomized experiments were performed using a 

trained surgeon comparing our approach to simple motion 

compensation and no compensation at all. The positive effect of 

the fixture in surgical accuracy for a tracking task is also 

discussed. 

I. INTRODUCTION 

HE introduction of robots in minimally invasive surgery 

(MIS) has been met with enthusiasm from medical 

practitioners, since it offers significant advantages such as 

high dexterity, stable imaging, stereo vision, tremor filtering 

and higher precision, to name a few. The typical setup 

employs a master-slave system, where the surgeon 

teleoperates the robotic slave manipulators sitting at a master 

console. However, one of the major shortcomings is the lack 

of haptic feedback, either tactile or force. This hinders the 

full utilization of the robot capabilities, and introduces 

further delays in the learning curve since surgeons consider 

haptic display a major advantage, especially when complex 

surgical tasks are performed, e.g. suturing, knot tying etc. 

Several studies have measured the positive effect of haptic 

feedback in robotic surgery as well as in training young 

surgeons using virtual reality MIS simulators [1–5].   

Force feedback can be used to augment and extend 

surgical ability by providing sensorial cues, escaping from a 

mere force reflection from the slave to the master console. 

This is most prominently demonstrated in the use of virtual 

fixtures (VF), which affect the robot motion either 

constraining it to move in a designated space (forbidden-

zone VF) or guiding it to a specified path/trajectory 

(guidance VF). The fixture can be considered as an invisible 

ruler which exerts forces to the master console, either 
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repelling or attracting, according to some force law. Virtual 

fixtures have already been investigated in various robotic 

surgery scenarios [6–9], showing a positive effect on motion 

accuracy and task completion time. However, most of these 

applications only consider static fixtures, applied to 

environments which do not present deformation. This 

excludes important interventions such as off-pump coronary 

artery bypass graft surgery (OPCAB). Typically in coronary 

artery bypass graft surgery (CABG), the patient undergoes 

cardiopulmonary bypass (CPB), and is connected to the 

heart-lung machine to stop the heart from beating. The 

surgeon consequently operates on the still heart. To prevent 

arresting the heart, in OPCAB the surgeon operates directly 

on the beating heart, without the use of CPB. However, 

mechanical or vacuum stabilizers are placed on the surgical 

field (myocardium), reducing the heart motion. Even though 

OPCAB has been shown to have significant positive effects 

on the patient, the stress induced by the stabilizers on the 

heart can cause hemodynamic disorders [10]. Furthermore, 

there is also a residual motion in the field since the 

stabilizers do not cancel the motion entirely. 

Motion compensation has allowed for operating directly 

on the beating heart i.e. the so called robotic beating-heart 

surgery. This refers to the apparent cancellation of organ 

motion in the surgical field through image processing and 

robot control. Typically, the motion of the surgical field (e.g. 

heart beat, respiratory motion etc) is captured by an imaging 

device in real-time, is rectified, and presented to the surgeon 

as still. Concurrently, the robot maintains a steady pose with 

respect to the field, essentially tracking its motion and 

moving along with it. This function however, is transparent 

to the surgeon on the master console, who effectively 

operates on a static image without perceiving the motion of 

the slave robot. 

  Robotic motion compensation presents a significant 

advantage for OPCAB since it obviates the need for 

stabilizers. The control scheme falls under the shared control 

paradigm as both the controller and the surgeon use the robot 

at the same time. Motion compensation generally involves 

three main tasks; mechanical synchronization, image 

stabilization and shared control. One of the first applications 

of motion compensation referred to cardiac surgery [11] 

where the notion of heartbeat synchronization was 

introduced. Motion estimation and Model Predictive 

Controllers [12–14] have also been applied, mainly due to 

the fast dynamics of the heart surface. Other modalities such 
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as ultrasound  [15,16] and forces sensors [17] have also 

been presented. Image rectification and stabilization 

algorithms for motion compensation are presented in [18–

21]. 

The application of dynamic VFs in cardiac surgery 

presents two problems; the first is the placement of the 

fixture itself. Apparently, as the environment moves, the 

fixture must be recalculated in real-time and repositioned in 

order to reflect the current situation. This cannot be trivially 

performed, especially in forbidden-zone VFs, as the 

deformation may result from the interaction of the 

environment with the robot; for instance, the manipulator 

could deform a tissue and essentially be placed beyond the 

fixture where no force is applied. The second problem 

regards the haptic perception of the dynamic fixture. Since 

the VF changes shape following the environment 

deformation, the applied force depends not only on the robot 

position but the fixture position relative to the robot. Thus, 

the exerted forces will present transients which may confuse 

the surgeon, especially if the environment changes 

continuously e.g. heart.  

Dynamic VFs for cardiac surgery have been discussed in 

[22] where the authors distinguished two ways on fixture 

placement; one depending on the predicted position of the 

VF, based on a largely periodic environment movement, and 

the second based on the current environment position. The 

study focused on the first case, placing fixtures on a heart 

surface mockup. Experiments showed a consistent increase 

in precision and decrease of the user applied force. A 

dynamic guidance VF for intercardiac surgery has been 

demonstrated in [23]. The authors combined real-time MRI 

to model the motion inside the left ventricle, and computed 

the access reference path on-the-fly. Two VFs where 

examined; one based on a simple linear spring, and; a second 

one that allowed the surgeon to move freely when close to 

the fixture. Experiments using prerecorded MRI sequences 

showed a decrease in the offset error from the reference. This 

work was expanded in [24] where forbidden zone VFs were 

used instead. 

In this work we present a novel way of applying virtual 

fixtures for beating heart surgery, utilizing a new motion 

compensation framework under which the mechanical 

synchronization, the image stabilization and the shared 

control emerge and combine naturally[25]. This is achieved 

by using the Strip-Wise Affine Map (SWAM) [26], which 

shifts the control to a stabilized canonical space where the 

robot and the image are still. Concurrently, the VF is placed 

in the stabilized space, which is presented to the surgeon as 

static, thus avoiding the problem of transient forces and 

fixture replacement. The fixture aims to help the surgeon 

guide the robot for a simple tracking task on the heart, 

following a predefined curve. 

I. THEORETICAL FRAMEWORK 

A. Preliminary Concepts 

A typical setup for motion compensation in robotic 

cardiac surgery is shown in Fig. 1. The surgical field is 

manipulated by the slave robot and overviewed by an 

endoscopic camera. This camera image will be called the 

“physical image”. Reference features are extracted from the 

image and used in subsequent tasks. The physical image is 

then rectified and presented to the surgeon, who sits on the 

master console operating the controls. The stabilized image 

will be called the “canonical image”. The surgeon perceives 

the surgical field in the canonical image as still, and 

produces the human input which is combined with the 

reference signal by the shared controller. Closing the loop, 

the shared control signal is fed to the slave robot. 

We identify three spaces attached to each subsystem; the 

physical world space Wp i.e. the Cartesian space where the 

slave robot and surgical field dwell; the physical image 

space Ip, denoting the image space of the world space 

through the camera, and; the canonical image space Ic, which 

is the rectified image space where the physical image is still. 

The three spaces are related by two transformations. 

Specifically, P:Wp� Ip, P�GPL(Wp) is the projective 

transformation involving the camera matrix. For simplicity, 

in this work the pinhole camera model is used. The canonical 

and physical images are related by a non-linear rectification 

map �: Ip� Ic which must be bijective in order to prevent 

unnatural distortions of the surgical field presented to the 

surgeon. 

 
Fig.1. Typical setup for motion compensation in robotic cardiac surgery 

The system tracks the motion of a reference manifold 

Mp(u,t) in the surgical field. For example, Mp could be a 

point on the heart surface (0-manifold), a line (1-manifold) 

or a patch (2-manifold). For the mechanical synchronization 

task, the goal is to maintain a fixed pose to the reference 

manifold. Specifically, let TS(�s) be a frame rigidly attached 

to the slave robot tool, expressing the pose with respect to 

the world frame Wp. We denote the position of TS as p

s
q . The 

vector �s is the robot input. Also, let TG(t)
 
be a frame of a 

goal pose on the reference manifold at point qG(t). TG 

depends on time since the reference manifold changes shape 

due to cardiac pulsation. RG is the goal orientation and qG is 
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the goal point in Mp. The general synchronization problem 

asks for the input �s such that the frames remain fixed to each 

other. A simpler version of the problem is to consider only 

the Cartesian position (i.e. only qG), and ignore the rotational 

part. This reduces to a Cartesian tracking problem.  

Regarding the image stabilization task, let Fp be the 

physical image of the field through the camera, and IMp = 

P(Mp) be the image of the reference manifold. Formally, Fp 

is a function from Ip to some color space and IMp is a subset 

of dom(Fp). Fp is mapped to the canonical image space 

through �, i.e. dom(Fc)=�(dom(Fp);IMp). Similarly 

IMc=�(IMp),  IMc� dom(Fc)� Ic is the reference manifold 

in the canonical image. Note that � is not a static 

transformation but depends on IMp as a parameter. This is 

natural since the purpose of image stabilization is to map the 

physical image to the canonical image in such a way that the 

reference manifold in the physical image is mapped to a fixed 

sub-domain in Ic i.e. to IMc. However since IMp deforms 

through time, � must depend on the actual IMp at each 

instance. In the general case where the robot’s pose is 

considered, the entire robot image block must be transformed 

in order to stabilize the orientation as well as the position. In 

the simpler case of Cartesian synchronization, only the 

robot’s position in the image must be compensated.  

 In this work we consider the Cartesian compensation 

problem for a planar 1-manifold reference i.e. a planar curve. 

The canonical reference manifold IMc is a fixed straight line 

in the canonical image. Thus, the physical curve is always 

mapped to a straight line. In such a case, if the surgeon wants 

to cut along a curve on the pulsating heart, the task is 

reduced to tracking a static straight line in the canonical 

image. 

 To produce the motion synchronization and image 

stabilization algorithms, we introduce the canonical world 

space Wc, which is a Cartesian 3D space containing the 

stabilized robot and reference manifold.  The physical and 

canonical world spaces are related by the bijective map 

:
c p

W W� � , as seen in the commutative diagram of Fig. 2. 

The control of the robot takes place in the canonical world 

space, where the reference manifold Mc is a straight line. 

Essentially the surgeon operates in Wc looking at its image in 

Ic. 

��

�� ��

��

�

�

�

�

 
Fig. 2. Commutative diagram relating the four spaces and transformations 

From the diagram, it can be verified that P� � ��
-1
�P

-1. 

The inverse projective map P-1 exists because the reference 

manifold lays on the plane z=0. The map � is an extended 

version of the strip-wise affine map, analyzed in the 

following section. 

B. Strip-Wise Affine Map 

The strip-wise affine map (SWAM) is a piecewise linear 

homeomorphism between two spaces. It acts by inducing a 

strip decomposition on the x-y plane and then applying an 

affine map between them. It has been successfully applied to 

mobile robot tracking control since it reduces path tracking 

to straight line tracking [27,28] 

The map takes a polygonal line from the physical space, 

and maps it to the xc-axis in the canonical space. This fits 

well into the control as the reference manifold is extracted 

from the physical image and projected to the physical space 

as a collection of points, rather than a smooth curve. Thus let 

{ },  1...iw i n� , ( , ,0)p p

i i i
w x y�  be the vertices of the 

polygonal line, lying on the plane z=0. Each vertex is 

projected to a point �i on the real axis in the canonical world 

according to its normalized length. Furthermore, let 

( , , )
p p p p

q x y z� be a point in Wp and ( , , )c c c cq x y z�  a point 

in Wc. The SWAM maps qc to qp under the equation, 
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 � 
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where �s is some angle, called the shifting angle. The 

functions fx and fy  are given by, 
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The angles �k are the angles of each edge [wk wk+1] with 

respect to the physical x-axis, and �k(xc) is a unit rectangle 

pulse function in Wc with support set 1[ , )
k k

a a 	 . Observe that 

(2) is a piece-wise linear parameterization of the reference 

manifold such that ( , ,0)
p x y

M f f� , and thus xc is the 

coordinate parametrizing it. Equations (1),(2) show that if 

the robot moves on a vertical plane parallel to the xc-axis in 

the canonical space, its image in the physical space moves 

parallel to the reference manifold by a standard offset 

( cos , sin , )c s c s cg y S y S z� ��
 
from point ( ( ), ( ),0)

x c y c
f x f x  

laying on Mp. Defining the goal point as, 

 

 ( ) ( ) ( ) 0
T

G c x c y c
q x f x f x
 �� � �  (3) 

 

then (1) takes the compact form, 

 

 ( , ) ( )
p c c G c

q g y z q x� 	  (4) 
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Using the SWAM the control of the robot is transferred to 

the canonical world where the objective for the surgeon is to 

track the xc-axis. Using this map as a basis, the virtual fixture 

can be placed in the canonical space, as described in the 

following section. 

II. VIRTUAL FIXTURE 

Let Wm be the Cartesian physical space at the master console. 

To bind the master and slave systems we identify Wm with 

Wc, up to a scaling factor on the x-y plane. Thus, if 

( , , )p p p p

m m m m
q x y z�  is the position of the master robot in 

Wm and ( , , )c c c c

m m m m
q x y z�  its projection in Wc, 

then ( , , ) ( , , )c c c p p p

m m m m m m
x y z L x L y z� , where L is some 

real constant. In a similar fashion let p

s
q be the physical 

position of the slave robot in Wp, and p

r
q be the physical 

image of a reference point (Fig. 3). 

 

 
Fig. 3. Definition of the robot and reference images in the physical and 

canonical spaces.  

The goal of the slave robot is to follow the physical 

reference point p

r
q . In this work we have used a simple PID 

controller to perform this task. The reference point is the 

projection of the canonical master position in Wp 

i.e. c c

r m
q q� . The 3D VF is placed in the canonical space, 

around the xc-axis and attracts the master towards the line. It 

exerts a force perpendicular to xc, thus the surgeon is free to 

move about the xc-axis but experiences an attractive force 

only in a direction pointing towards xc. The fixture is defined 

in a cylinder, with external radius �. placed at the xc-axis. 

Two more internal cylinders are also defined. One with 

radius �<� and a second one with radius �<� (Fig. 4). These 

areas define a force profile that starts linearly from � to �, 

exerts a constant force between � and �, falling back linearly 

to zero. The vectorial force lies on the zcyc plane, pointing 

towards xc.  

If the canonical position of the master robot is at point p, 

let r be the component of the position vector in zcyc. 

Furthermore, let � be the angle between r and the zc axis. 

Then, the unit force vector is defined by, 

 

 [0, sin , cos ]T� �� � �
F

u  (5) 

 

Thus, the fixture force is defined by the following formula, 

 

 
VF

F�
VF F

F u  (6) 

 

 
Fig. 4. Definition of the fixture about the canonical xc-axis.  The fixture is 

contained in the cylinder with radius �. Internal cylinders (�,�) define 

different force profiles. 

 

The magnitude |FVF| of the force vector, is given by, 
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r

F r r
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F r r

�
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� �
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� � � � ��

� �
� ��

� � ��

 (7) 

 

where Fmax is the maximum fixture force and r = |r|. The 

force profile can be seen in the following diagram. 

 
Fig. 5. Force profile of the virtual fixture according to the distance from the 

canonical axis. 

The guidance fixture has been contained in the cylinder in 

order to prevent an unwanted drag effect in the entire 

surgical field, which would deter the surgeon from moving in 

different areas. Note that in the inner cylinder, the force 

diminishes linearly to zero. This has been selected in order to 

allow the surgeon to perform the surgical task when guided 

to the reference path. In a different situation e.g. if the force 

was present at r=0, normal positional errors of the surgeon 

due to tremor or the inherent limited accuracy of humans, 

would result in switching forces being applied, as the tip 

would “wiggle” about the axis. This would have a rather 

undesirable effect since the fixture would be too stiff, not 

allowing the surgeon to perform motion in the force 

direction. Thus a spring was inserted, in order to present 
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haptic cues to the user and not confine him/her in the inner 

tube. 

III. IMPLEMENTATION 

The master-slave system consists of the PHANToM Omni 

and Desktop for the master-slave sides respectively. The 

robots have identical mechanical structure, with DC motor 

actuators for the first three joints. The Tool Center Point 

(TCP) is located at the intersection of the last three joints 

that form the gimbal. Since only Cartesian compensation is 

considered, utilizing the first three joints, the gimbal was 

locked and rigidly attached to the second link in each robot. 

To simulate a lancet on the Slave robot, a metallic needle 

was attached to the gimbal stylus (see Fig. 6), mirroring a 

similar metallic tip on the master. The robots were calibrated 

using checkerboards, which also defined the physical and 

canonical world frames. In front of the slave robot lays a 

semi-transparent screen, defining the surgical field. 

Underneath, there is a projector showing the reference line 

on the screen. The surgeon views the field through a pole-

mounted camera, which was calibrated and registered to Wp  

 

 
Fig. 6. View of the slave robot and the surgical field. The robot tracks a red 

line on a heart image projected onto a semi-transparent screen from a 

projector underneath the screen. 

In order to reduce the computational overhead and latency 

of the system, the robots were connected to two different 

computers while the camera was feeding the input to a third. 

The system runs in three parallel loops, distributed across the 

three computers; the Servo loop; the Graphics loop and; the 

Communications loop.  

The servo loop, operating at 1 KHz, controls the slave 

robot querying its configuration and implementing the PID 

controller for the tracking of the reference position, setting 

the forces on the first three joints. The PID follows the 

update rate of the communication loop (100 Hz) since all 

three loops are asynchronous. On the master side, a similar 

servo loop also applies the force feedback to the surgeon 

console, at a 1 KHz update rate. The Graphics loop performs 

the image acquisition and rectification on the master console. 

It acquires the camera image, processes it and presents it to 

the surgeon stabilized. The loop was runs in MATLAB and 

OpenCV, achieving a refresh rate of approximately 30Hz. To 

speed up the computation, the image resolution was reduced 

to 320x240 pixels and converted to grayscale, following the 

detection of the red reference line. The graphics loop 

essentially applies the � transform on the physical image. 

Finally, the communications loop utilizes UDP sockets at 

an update rate of 100 Hz. Since UDP lacks an error 

correction mechanism, the data packets were framed with a 

predefined header to detect corruption. 

IV. EXPERIMENTAL RESULTS 

Experiments were designed in order to test the effect of 

haptic feedback, against simple compensation with no 

feedback and no compensation at all. A trained surgeon was 

asked to operate the master console, in order to perform a 

tracking task on a pulsating red line embedded into an 

endoscopic image of the heart. Specifically, two white square 

markers were placed on each side of the line. The task of the 

surgeon was to start from the left marker, follow the line and 

touch the right marker, then go back to the original marker. 

This was to be performed two times overall.  

The entire image was deformed according to the reference 

line in order to give the impression of a beating heart. The 

line followed a periodic movement, driven by a pre-recorder 

ECG signal set to three frequencies.  To capture the robot 

motion, a green marker was attached to the needle tip. 

Overlooking the scene was a HD camera recording the 

experiment in 1080p resolution. Prior to the experiments 

both the surgeon’s and the HD camera were calibrated and 

registered to the physical world frame. 

The experimental trials consisted of three groups (no 

compensation, simple compensation, compensation with 

VF). Each group, in turn, comprised three frequency groups 

according to heart rate (12 bmp, 15 bmp, 18 bmp). For each 

frequency, four experimental trials were performed. Thus, 

the number of all trials was 3x3x4=36. The trials were fully 

randomized using a discrete uniform distribution. Each trial 

was removed from the pool in subsequent runs. The VF 

parameters were set to �=40mm, �=30mm, �=5mm. The 

maximum force was Fmax=1N. In the case of the first group 

(no compensation) the surgeon viewed the un-rectified 

physical image, while in the next two groups viewed the 

rectified image (Fig. 7 left and right respectively.). 

 

 
Fig. 7. View of the surgical field through the camera. (Left) Physical image. 

(Right) Canonical image. The slave robot is visible in both images. The 

white markers can also be distinguished. 

The slave robot’s tip movement was extracted in post-

processing from the HD camera video using a color filter in 
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each frame to extract the tip’s green marker, as well as the 

red line. Following, the pixel trajectory was filtered to reduce 

noise and back-projected to the Cartesian space to perform 

the analysis.  

To assess the effect of the virtual fixtures, the error 

distance of the tip to the line was calculated for each frame 

and a statistical analysis was performed. In Fig. 8 the 

aggregate box plot per group and frequency is presented. 

Since each trial is different in length (time), the averages 

were used. Thus, each box shows the distribution of the four 

means for the respective trials in each frequency. 

 

 
Fig. 8 Box plot of mean error distance from the reference path, according to 

frequency and group. 

A summary of the statistical results of the groups, 

according to frequency, is presented in Table I. 

 
TABLE I 

STATISTICAL RESULTS FOR EACH GROUP PER FREQUENCY 

 12bpm 15bpm 18bmp group 

mean (mm) 5.743 5.987 5.496 NCa 

mean (mm) 4.042 4.544 5.020 SCb 

mean (mm) 3.700 3.850 4.302 VFc 

aNo Compensation, bSimple Compensation, cCompensation with Virtual 

Fixtures 

 

Table I shows an increase in the average error across 

frequencies, for the last two groups. This can be attributed to 

the specific implementation of the proposed algorithm since 

the current h/w capabilities limit the bmp that can be 

processed in real time. Indeed, it was experimentally 

confirmed that frequencies beyond 20bmp were not capable 

of being processed in real-time by our hardware, injecting 

significant delays into the control loop. Even so, the VF 

group presents a systematic decrease of the average error 

across the three frequencies, compared to the other groups. It 

is also worth noting that the error increase in the VF group is 

smaller i.e. the VF also compensates for the errors due to 

frequency.  

The comparison of the results according to the three 

groups is shown in Fig. 9. Each box expresses the 

distribution of the twelve means of the respective trials, for 

each group. The statistics for the aggregate results are 

presented in Table II. 

 

 
Fig. 9. Box plot for the experiments, aggregated over the three groups. 

 
TABLE II 

AGGREGATE RESULTS FOR THE THREE GROUPS 

 NC SC VF 

mean (mm) 5.742 4.535 3.951 

Rel.Diff.a - -21.01% -12.88% 

Std. 0.733 0.623 0.483 

Rel.Diff.b - -15.00% -22.50% 

aRelative difference between consecutive means. bRelative difference 

between consecutive standard deviations 

 

Table II shows a decrease of the average mean error for 

the virtual fixture group. Quantitatively, VFs decrease the 

average error by 12.88% with respect to the simple 

compensation group and by 31.19% with respect to no 

compensation at all. Furthermore, the standard deviation of 

the means distribution is also decreased by 22.5% w.r.t. 

simple compensation and 34.1% w.r.t. no compensation. 

This implies that the virtual fixture enables the surgeon to 

consistently follow the predefined reference with better 

accuracy and small perturbations. The residual error in the 

VF group can be attributed to the surgeon’s inherent 

accuracy, as well as the experimental errors inserted by the 

delay of the graphics loop. 

These preliminary results show the promise of our 

approach and seem to validate the hypothesis that haptic 

assistance in robotic beating heart surgery presents 

advantages for the surgeon, in terms of accuracy. Although 

the number of experimental subjects is very small, further 

studies using a bigger pool of surgeons are expected to 

clearly show this advantage. 

V. CONCLUSION AND FUTURE WORK 

We have presented a novel framework for applying 

dynamic virtual fixtures in robotic beating heart surgery, 

employing motion compensation. In this way, the problems 
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regarding the dynamic nature of the fixtures e.g. placement 

and force transients, are mitigated since the VF is placed in a 

static space provided by the motion compensation algorithm. 

Randomized experiments, across various heart rates, showed 

the feasibility of our approach and a systematic positive 

effect of the VF in surgical accuracy. Future work will focus 

on extending our approach to more complex tasks which 

could significantly augment various stages of surgery e.g. 

knot tying and suturing. 
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