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What does TROPICAL mean?

* The adjective “tropical” was coined by French mathematicians Dominique
Perrin and Jean-Eric Pin, to honor their Brazilian colleague Imre Simon, a
pioneer of min-plus algebra as applied to finite automata in computer science.

e Tropical (Tpomkog in Greek) comes from the greek word «T pomi)» which
means “turning” or “changing the way/direction”.

Polygonal lines
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Tutorial Outline

B ]. Elements from Tropical Geometry and Max-Plus Algebra
M 2. Neural Networks with Piecewise-linear (PWL) Activations
M 3. Morphological (Max-plus) Neural Networks

M 4. Approximation Using Tropical Mappings

M 5. Piecewise-linear (PWL) Regression

This research work was supported by the Hellenic Foundation for Research & Innovation H F R I
(H.F.R.I.) under the "2nd Call for H.F.R.l. Research Projects to support Faculty Members & ' LI YR
Researchers" (Project Number:2656, Acronym: TROGEMAL). Research & Innovation
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Georgios Smyrnis, Panos Misiakos, George Retsinas, Nikos Dimitriadis

Tropical Approximation: loannis Kordonis

Tropical Sparsity: Anastasios Tsiamis, Nikos Tsilivis




Elements of
Tropical Geometry

“TG is a marriage between algebraic geometry and polyhedral geometry. A piecewise-linear version of
algebraic geometry.” [Maclagan & Sturmfels 2015]

Our view: TG is a “dequantized” version of Euclidean (coordinate-free) geometry and analytic geometry.
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References on TG and its Applications to Machine Learning & Optimization

Books & Math Articles on Tropical Geometry (TG):

* D. Maclagan & B. Sturmfels, Introduction to Tropical Geometry, AMS 2015.

I. Itenberg, G. Mikhalkin, and E. 1. Shustin, Tropical Algebraic Geometry, Springer 2009.
M. Joswig, Essentials of Tropical Combinatorics, AMS 2021.

*  Max-plus Convex Sets/Cones: [Cuninghame-Green 1979; Butkovic 2007], [Litvinov, Maslov & Sphiz 2001], [Cohen,
Gaubert & Quadrat 2004; Gaubert & Katz 2007; Allamigeon et al 2010]

» Tropical Convexity, Tropical Halfspaces/Polyhedra: [Maslov 1987], [Develin & Sturmfels 2004], [Joswig 2005],
[Gaubert & Katz 2011]. TG and Mean Payoff Games: [Akian et al 2012; Akian et al 2021]

O. Viro, Dequantization of Real Algebraic Geometry on Logarithmic Paper, ArXiv 2000.

Some Applications of TG to Machine Learning:

* L. Pachter & B. Sturmfels, Tropical geometry of statistical models, PNAS 2004.

* V.Charisopoulos & P.M., Tropical Approach to Neural Nets with Piecewise Linear Activations, ISMM2017, ArXiv2018.
* L. Zhang, G. Naitzat, L.-H. Lim, Tropical Geometry of Deep Neural Networks, ICML 2018.

 P.M.,, V. Charisopoulos & E. Theodosis, Tropical Geometry and Machine Learning, Proc. IEEE 2021.

NTUA Group: P.M., Charisopoulos, Dimitriadis, Kordonis, Misiakos, Retsinas, Smyrnis, Theodosis, Tsiamis, Tsilivis

» + Other References in this tutorial.
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Tropical Semirings
Scalar Arithmetic Rings
Integer/Real Addition & Multiplication Ring: (R,+,%), (Z,+,x)

Tropical Semirings
R, =RU{-0}, R =RuU{+o}

m min
V =max, A =min

Max-plus semiring: (R__,V,+)

max ?

Min-plus semiring: (R_. ,A,+)

min ?

Correspondences between linear and (max, +) arithmetic

Linear arithmetic | (max, +) arithmetic
+ max
X =
0 —00
I ! o
ICASSP " =1/x T = —x
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Graphs of Max-plus Tropical 1D Polynomials

Yt-line = maX((l +x7 b)- .Vt-parab = maX(a I 2_7(, b + X, C)

;(h a) : (e —=b) 3 (b—a)

(a) Euclidean line (b) Tropical line (¢) Euclid parabola (d) Tropic parabola

Cubic polynomial

3-2a

2c—b_ ___

d . I
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Max-plus and Min-Plus Tropical 1D Polynomials

Euclidean Max-plus Min-plus
L -
b :
a (b—a) ‘ | (b—a)
(a) (b) (c)
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Tropical Curve of Max/Min-Polynomials

Tropical curve of p(x,y) =
“Zero locus” of a max/min polynomial is the set of points where the max/min is attained by
more than one of the “monomial” terms of the polynomial.

y > max(2x,c) 2x < min(y; c) c < min(2x, y)

2z > max(y, ¢)

|
|
|
|
|
|
|
¢ > max(2xz, y) | y < min(2x, ¢)
|
|
|
|
|
|
|

c/2 : c/2
Tropical curve of the max-polynomial Tropical curve of the min-polynomial
/ L %
S p(x,y) = max(2x,y,c) p'(x,y) = min(2x,y,c)
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Newton Polytope of Tropical Polynomial

Max polynomial

1€1,2,...,

1

p(x) = max . {ci1ixy + ciowa + -+ + Cinan} = \/ c;‘r:c

1

Newton polytope N(p) of max polynomial p
1s the convex hull of its coefficients’ vectors.

p(x) = max (0, z; + x2, 221 + 229, 321, 322)

(0.3)

11



Tropical Curve vs Newton Polytope

Max polynomial: p(x,y) = max(x,),0)

Tropical curve (“Zero locus” ) V(p) of a max Newton polytope N(p) of max polynomial p

polynomial p is the set of points where the max is  ig the convex hull of its coefficients’ vectors.
attained by more than two polynomial terms. _
Y POty N (p) = conv {vy,va,v3}

U3
| ®
S S B S VS B V(p)
A J:- ————————— ,.r > uu.lx((). _{;j
0> m;%x(.r. ) I R T vt e ® o5
P RTIT.8 Tropical curve V(p) Duality between Newton polytope N(p)
ICASSP of p(x,y) = max(x,y,0) and tropical curve V(p)
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Graph and Tropic Curve of a tropical “Conic” polynomial

Tropical Polynomial of degree 2 in two variables

classical: "ax’ +bxy+cy’ +dy+e+ fx"
tropical: p(x,y)=min(a+2x,b+x+y,c+2y,d+y,e, f +x)

Graph (“tent”) of p(x,y)

and

its Tropical Curve = set of (x,)) points where
the min 1s attained by more than one terms.

\
' \
! \
! v
' 3
1 \
' v
' v
' v
' \
' \
' \
' \
\
'
\ \
' \
' '
'
\
' \
' \
" — ' \
/nan ‘ '
' \
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Tropical Curves of Min-plus Polynomials on the plane

Min Polynomial of degree 1 in two variables Two tropical lines on the
plane intersect at one point

p(x,y)=min(a+x,b+y,c)
=(a+x)A(b+y)Ac

F
p—

/

Tropical curve of p(x,y)

/

Cubic tropical curve

VAT
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Maslov Dequantization (Tropicalization) = Log - Sum - Exp approximation
Log-Sum-Exp (LSE) approximation

(Maslov "Dequantization" in idempotent mathematics [Maslov 1987, Litvinov 2007])

“T 1"y =max(a,b)

TlilgnT -log(e
T1¢i<)m(_T Ylog(e " +e™”") =min(a,b)

Y

A Effectof [ (@) = 22 12
temperature === fa(z) = 02z + 1
parameter T C o= fy(z) =22 — 10
— f(z) = max{fi(z), f2(=), f3(z)}
— fr=2(z)

- fr=1(x)

fr=o.5(x)

I\ 1- 2 3 4 N s RE SR
ICASSP g / Tl
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Obtain Tropical Polynomials via Dequantization

A
n 2

K
Classic polynomial: f (“):Z c U Uyt u=(u,u,,...,u,)
k=1

Posynomial if ¢, >0, a, =(a,,...,a,,) €R", u>0;
Log-Sum-Exp (Viro's "logarithmic paper" [Viro 2001]):
x =log(u), b, =log(c,)
K
. xX/TN\ _1: .
1T1£101T log f(e )—lTl?(}T logkzz;exp(<ak,x/T>+bk /T) —>
Tropical (max-plus) Polynomial = Piecewise-Linear Function

K K
p(x) = MkéX {(ak,x>+bk} :1\/11{13)({aklx1 +--+a,x, +bk}

16



Tropical Half-spaces and Polytopes in 2D

Tropical (affine) Half-space of R” [ Gaubert & Katz 2011]

n n

T (a,b) = {x e R, : max(a, 1, \/a,- +x;) < max(b,y1, \/b,-+x,-)}

i=1 i=1

y
o
v

0 oL /
4
xr r

(a) Single region (b) Multiple regions

The region separating boundaries are tropical lines (or hyper-planes).

P Tropical Polyhedra are formed from finite intersections of tropical

ICASSP half-spaces. Polytopes are compact polyhedra.
2024 KoRA
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f(z,y) = max(z,2+y,7) g(z,y) =min(5+z,7+y,9)
. /%///‘_Thhﬁ_-T-““‘“r—-nﬁ

(4,12,9)

10
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(Extended) Newton Polytope

Let p(x) = i=n}8.‘.).(k(a"Tx + b;) be a max-polynomial.

Definition ((Extended) Newton Polytope): We define as the
(Extended) Newton Polytope of p the following:
Newt(p) = convi{a;,i =1, ..., k}
ENewt(p) = conv{(a;, b;),i =1, ..., k}

where conv denotes the convex hull of the given set.

Theorem [Charisopoulos & Maragos, 2018: Zhang et al., 2018]:

Max-polynomials with the same vertices in the upper hull of their
Extended Newton Polytope correspond to the same function.

VAT
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Examples of (Ext) Newton Polytopes

&=
|9 e
T 0.5-
O
@
S 0.01 ¢ ¢
—0.5 1
—&— ENewt
—1.0 4+ == Newt
0 1 2

Tropical Degree

Figure: Polytopes of

max(3x,2x + 1.5,x + 1,0).
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—@— ENewt
—— Newt
F 1.0

o

Coefficient

0.0 = 9’
' 0.5 02
1.0 1.5

Tropical Degree (x) B P

Figure: Polytopes of
max(2x,x+y+1L,x+1,y+1,1).
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Definition

Examples

VAT
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Minkowski Set Addition (Shape Dilation)

X®Y={a+b:aeX, bel},

X.Y c R?

e o o °
B= e e e = e o o
e o o
o o o
e o o o o °
e o o o o — B ° °
e o o
e o o
° °
°
° ° e — e e
°
° °
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Newton Polytope and Max-polynomial Function

- “Upper” vertices of ENewt(p) ]
define p(x) as a function. ZZ

- Geometrically: =125 f
max(3x +1,2x + 1.25,x +2,0)  1..
= max(3x +1,x + 2,0) "o

(extra point is not on the upper hull).

0.0 0.5 1.0 1.5 2.0 25 3.0
Tropical Degree

ENewt(p), p(x) = max(3x + 1,x + 2,0)

VAT
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Tropical Algebra of Max-plus Polynomials €<->
Tropical Geometry of their Newton Polytopes

Newt (p1 V p2) = conv (Newt (p1) U Newt (p2))
Newt (p1 + p2) = Newt (p1) & Newt (p2)

(03) (1,3)

(1,2) (1,2) Fioky

(-11)  [0,1) | (-1,1) Py P,

(1.1) (3.1) 5 {conv(Py U P2) (31) RO (3.1)

Py

(=1,0) 0,0 (—=1,0) hun

(a) (b) ()

Newton polytopes of (a) two max-polynomials
P.(x,y) = max(0, -x, y, y-x) and p,(X,y) = max(x+y, 3x+y, X+2y),
(b) their max(p, , p,), and (c) their sum p, + p,

PATIT\N
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Elements of Max-plus Algebra

(“Linear algebra of Dynamic Programming & Combinatorics”: [Butkovic 2010])

Some Earlier Special Cases
and Applications

24
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Research Areas using Max/Min(+) Algebra

Scheduling & Operations Research, Graphs: Minimax Algebra [Cuninghame-Green 1979]: mainly
Max-Plus.

Tropical Arithmetic: Min-plus/Max-plus Semirings [I. Simon 1994; J.-E. Pin 1998]

Image & Vision, Nonlinear SP: Image Algebra [Ritter et al, 1980s-90s], Math. Morphology [Serra 88;
Heijmans & Ronse 1990s]. Morphological & Rank Filters, [Maragos & Schafer 1987]. Nonlinear Scale-Space PDEs
[Brockett & Maragos 1992; Alvarez et al 1993]. Distance Transforms [Borgefors 1984; Felzenszwalb et al 2004].

Control: Discrete-Event Dynamical Systems [Cohen et al 1985; Kamen 1993; Cassandras et al 2013; Heidergot et
al 2006]. Dioid algebra [Cohen et al 1989; Baccelli et al 1992-2001; Gaubert & Max-plus Group 1997; Lahaye &
Hardouin et al 2004; Gondran & Minoux 2008], Max-Linear Systems [Butkovic 2010, van den Boom & de Shutter
2012]. Optimization/Approximation on Semimodules [Cohen et al 2004, Akian et al 2011].

Speech & Language Processing: Weighted Finite-State Automata/Transducers: Tropical Semiring Algorithms
on Graphs [Mohri, Pereira et al, 1990s; Hori & Nakamura 2013].

Probabilistic Graphical Models: Max-Sum and Max-Product algorithms in Belief Propagation [Pearl
1988; Bishop 2006; Felzenszwalb 2011].

Math-PhySiCSZ Convex analysis & Optimization [Bellman & Karush 1960’s; Rockafellar 1970; Lucet 2010].
Lattices [Birkhoff 1967]. Residuation and Ordered Algebraic Structures [Blyth 2005].

Idempotent Mathematics [Maslov 1987; Litvinov, Maslov et al 2000s].

25
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Linear vs. Max-Plus Algebra: Scalar Operations

=+ max
X =+

Max-plus has properties similar to linear algebra:

B Commutativity: aVb=0bVa

B Associativity: a 'V (b \/ c) — (a \/ b) \/ ¢

m Distributivity: a+ (bV )= (a+b)V (a+ ¢

® |dempotency: 3V 3 =3

® Inverse?: IVer=0=x2=0
IVer=3=uz="

26



e vector/matrix ‘addition’ = pointwise max
xXVy = [m1Vy,...,Zn V]t
AVvB = [a,-j \% bij]
e vector/matrix ‘dual addition’ = pointwise min
XAy = [T1Ay,...,Tp Ayn]T
AAB = laij Abij]
e vector/matrix ‘multiplication by scalar’
c+x = [c+x1,...,c+ )T
c+A = [c+ay]

e (max,+) ‘matrix multiplication’

n
[ABB]; = \/ ik + bkj
k=1

(min, +) ‘matrix dual multiplication’

n
Jrvvel [A B’ B]ij = A aip + bkj
ICASSP k=1

2024 Koren -



Tropical (Max-plus) Matrix Multiplication

Matrix-Vector Multiplication

Matrix Multiplication
[A H B]’LJ — HllaX(Ail + Blj)

Example

1 -1 3 - max(1+1,-1+3,3+2) -
3 o | BTV E .

28



Morphological Operators on Lattices

(£ =partial ordering, V = supremum, A = infimum)

* I/ is increasing iff /< g= y(f)=<w(g).
* 0 is dilation iff 5(v,f)=v.5(f).
« & 1s erosion iff g(A, f))=nA,e(f).
* o 1s opening iff increasing and antiextensive (a(f)< f),
and idempotent (o =a”) : lattice projection
« [ is closing iff increasing and extensive (8(f) = f),
and idempotent (S = 3°) : lattice projection
« (8,&) is adjunction iff |O(f)< g < f <&(g)  (Galois connection)

Then: O isdilation, & is erosion,

O¢ isopening, €0 is closing.

VAT

IZE;ZSSP [ Serra 1988; Heiymans & Ronse 1990 ]
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Tropical Semirings versus Weighted Lattices

Weighted Lattice = Tropical Space

Flat Lattice
(R U {—o00, +00},V,A)

(R,+ ) is Group
Addition (+)
distributes over Vv

Max-plus Semiring (RU {—00},max) is
(RU {—o0},v,+) |ldempotent Semigroup

(R,+") is Group
Dual Addition (+")
distributes over A

Min-plus Semiring (RU {+0o0},min) is
(RU {+0},A, +) ldempotent Semigroup

Duality between V and A

om0l o e e e e e e e e e e

ICASSP
2024 Kores [P. Maragos, “Dynamical Systems on Weighted Lattices: General Theory”, Math. Control, Signals and Systems, 2017.]
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Linear and Nonlinear Spaces

Linear spaces (Vector Spaces):
Signal Superposition (+): F@)+g@)
Scaling (x): c- f(1)

ch-f,- (t)] _ Linear » ZC,-F[fl- (t)]

system I

Nonlinear spaces (Tropical spaces = Weighted Lattices):
Signal Superposition : max: f(?)v g(#) min: £(¢) A g(¢)
Scaling (+): c+ f(1)

Tropical
Ve + fi(t) —— system A — Vi + AL O]

31
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Operation

Meaning

Maximum /Supremum: applies for scalars, vectors and matrices

=>|<

Minimum/Infimum: applies for scalars, vectors and matrices

~
—

General max-+ (min-+") matrix multiplication

Max-sum (min-sum) matrix multiplication

e

Max-product (min-product) matrix multiplication

General max-+ (min-+") signal convolution

Max-sum (min-sum) signal convolution

2| o |®|=|m| B

Max-product (min-product) signal convolution

mn
max-sum and min-sum | ¢ = ABB=[¢;] . ¢ = \/@ik + by

k=1

matriz multiplications| |o_ am B — e o ey = Na + bij

k=1

+oo
(feh)(t) = \/ flt—k) +h(k)

signal convolutions

k=—0c0

(fa'n)t) = N\ ft—k) +hk)

32
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Examples of Adjunctions

Set Operator Adjunction: Minkowski set addition & and subtraction &: for X, B C R?

p(X)=X®B = {x+beR’:xe X, be B}

ep(X)=X6B := {x-beR!:xe X, be B}
Vector Operator Adjunction: max-plus vector multiplication by matrix A € R™" and
min-plus vector multiplication by matrix A* = —A”":

oa(x) = ABx, [0a(X)]i=Vj_,aij+

ealy) = A*H'y, [eay)]j=Atiyi — aij

Signal Operator Adjunction: max-plus convolution of f: R¢ — R with k and
min-plus convolution of ¢(x) with —k(—x):

O0n(f)(x)=FfOEk(x) := \/y{f(y —x) + k(y)}
er(9)(x) = g k(x) - .q

|
=5
&=
—h—
Q
o
+
b
|
=
-
N~

33
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Minkowski-Hadwiger Morphological Set Operators

Translation: B, ={b+z:b €B} Symmetric: B" ={-b:b € B}
Dilation (Minkowski addition): X ®B={z:(B"),, NX =D} = bLEJB X,
Erosion (Minkowski subtraction): X©B={z:B.c X}=NX_,

beB

Hadwiger Opening: XoB=(XoB)®B Closing: XeB=(X®B)OB

EROSION DILATION

34



Max/Min-plus Convolutions and Filters-Projections

IMAGE DILATION 9x9 EROSION 9x9

Max-plus Convolution (Dilation) by a square (flat g)
(= Max Pooling in CNNs)

(fO@X)=V, f(y)+gx-y)

Adjoint Min-plus Correlation (Erosion)

(feg)x) =N f(y)-gy—x)

Serial compositions of max-convolution and adjoint min-plus correlation: Opening, Closing

fog = (fog @y g2 (fag) oy

OPENING 9x9 CLOSING 9x9

Idempotent Operators = Projections
on Nonlinear Spaces (Weighted Lattices)

(fOg)0g = fOg
(f@g)®g = f@g

PATITAN

ICASSP
2024 KoREA
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Solve Max-plus Equations via Adjunctions

Problems:
max-plus

——mXn

: S — =m
(1) Exact problem: Solve 0po(x) = AHx =b, AceR ", beR
(2) Approximate Constrained: Min ||[AHx — b||p=1..cc s.t. AHx<Db
Theorem: The greatest (sub)solution of (1) and unique solution of (2) is

m

x=ca(b)=A*EDb, [&];=\bi—aj, A*2-AT
7=1

and yields the Greatest Lower Estimate (GLE) of data b:

oa(ea(b))= AB (A'BDb) <b
min-plus

max-plus matrix product

Geometry: Operators 0, < are vector dilation and erosion, and
the GLE b — d(g(b)) is an opening (lattice projection).

Complexity: O(mn)

36
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Adjunction versus Residuation pairs

An increasing operator v» : L — M between complete lattices is called residuated
e . . . #
if there exists an increasing operator 1¥»* : M — L such that

Dt < id < i
g . . . . . . -
% is called the residual of ¢, is unique, and closest to being an inverse of .

A residuation pair (1, 1¢*) can solve inverse problems 1/(X) =Y either ezactly
since X = ¢*(Y") is the greatest solution of 1»(X) =Y if a solution exists,

~

or approximately since X is the greatest subsolution:
X=9/(¥)=\/{X:9(X) <Y}
A pair (0, ¢) of operators 0 : L —+ M and £ : M — L is called adjunction if
X)) <Y <<= X<eY) VXeLYeM

0 is a dilation and £ is an erosion.
Each dilation 0 corresponds to a unique adjoint erosion

n

(V) =6*(Y) = \/{X:4(X) <Y}

Adjunction <= Residuation iff 1 = and 9* = &.

Viewing (d.¢) as adjunction instead of residuation offers geometric intuition.
37



PETIT\Y

ICASSP
2024 KoREA

Some Earlier Special Cases
of Max-plus Algebra and Applications

38



Linear versus Max-Plus Systems

« State space representation: linear vs. max-plus
v (k)= Az (k—1)+ Bu(k] gk)=ABz(k—-1)VBHBHu(k
y (k) = Cx (k) + Du (k) y(k)=CHz(k)vDBu(k)

Matrix products

Linear: [ABJij = Z @ii:Dr
=1

n

Max-plus: A B B]ij = \/ ail, + Oy

k=1
Example
4 -1 x| |3 max(z+4,y—1) =3 x=-—1
B L P SR St e ey
AT What can we model with max-plus systems?

ICASSP



Automated Manufacturing as Max-plus System

Discrete event systems (*)

x;(k): time product k enters conveyor i

u(k): time we put product k in conveyor 1

t;: conveyor i waiting time

Only one product in a conveyor during each cycle

z1 (k) =max (x1 (k — 1) + t1,u (k))

x9 (k) = max (z1 (k) +t1, 20 (k — 1) +12)
x3 (k) = max (zg (k) +t2, 23 (k — 1) +t3)
machine
H ] H t —00 —00 0
A=| 2, t, —oo|.B=| t
.Zfl + 15 Zfz f; t1 + t-g
part | —» —» |part
conveyor 1 | conveyor2 | conveyor 3 T (]g) — ABr (k — ]_) \V4 BHu (k
t1 t2 t3
) (*) Example from: [ G. Schullerus, V. Krebs, B. De Schutter & T. van den Boom, “Input signal design
[/c L 'S lg\P for identification of max-plus-linear systems”, Automatica 2006. ]

2024 KoREA
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Longest/Shortest Paths as Max/Min-plus Systems

Dynamic Programming

[ Taxi drivers (*)
e x(k+1)=A"Bx (k)
O%E \5 5 4 —co T
(=D | 4 -0 603
o ri \};ﬁwﬁ‘“{‘ o0 4 1 -0
) | —00 —00 —00 2

a/,;\

2% ! cuwj}
R ‘“Hﬂ, ‘\\3
- e

money; (k) = max (moneyj (k—1)+aj;)
J

r1.r9.x3, 14 correspond to city 1, airport, city 2 and city 3

(*) Example from:
sl [ S. Gaubert and Max-Plus group, "Methods and applications of (max,+) linear algebra®“, STACS 1997.]

ICASSP
2024 Korer
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WEFSTs for Speech Recognition: Tropical (Min-Plus) Algebra

Weighted Finite State Transducer (WFST)
bey/0.7 [ Mohri, Pereira & Ripley, CSL 2002 ]

H\ X3 Hf;\ an [ Hori and Nakamura, 2013 ]

’inl.” I

o " / N
" d: ‘ﬁ-;‘r] 2 || 3/0.1 |I
'- Y7 ) _exi02 {,r\# \ /
NS “"Kjf
HMM Transducer: converts an input speech signal into

a seq of context-dependent phone units
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Distance Computation with Min-plus Difference Eqns

Two — Pass ui[i,j] = 11'1i11(.u1_[‘i.j — 1]+ (1.'u,1[1'. —-1.j] ks N
Algorithm Ul[l — gl — 1] + b, ‘ll,l[l —-1,74+ 1] + b, U()['l-]])

uzli,jl = min(uzli,j +1] +a,uzfi +1,j] + a,
uo[i + 1,7 + 1] + b, uafi + 1,5 — 1] + b, uq[i, j])

E D\\
"V
Initial Image First Pass Second Pass

T’bab '|

Sequential Distance
Computation with Obstacles

PATIT\N
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Gaussian Scale-Space - Maslov Dequantiz - Dilation/Erosion Scale-Space

2
Heat PDE: 24-20%
ot 20x
Substitution (LSE - LogSumExpon): u=e """ F Multiscale Gaussian Blurring
2 2
Hopf's eqn: 8_W+l(8_Wj _ho sz =0
o 2\ ox 2 Ox
Dequantization: %1113 h-log(e " + e """ )=min(a,b)
Multiscale Max/Min Pooling
6s 1(asY -3
ot 2\ 0ox = BRNVGI &

;== = S(x,t)=Multiscale Erosion by Parabola (—x* /2¢)

ICASSP - Erosion (-F)
2024 KOREA 44



Tropical Geometry of Neural Nets
with Piecewise-Linear Activations

Main References: 1. Charisopoulos, V., & Maragos, P. (2017, May). Morphological

perceptrons: geometry and training algorithms, ISMM ‘17.

2. Charisopoulos, V., & Maragos, P. (2018). A Tropical Approach to
Neural Networks with Piecewise Linear Activations.
arXiv:1805.08749.

3. Zhang, Liwen and Naitzat, Gregory and Lim, Lek-Heng. Tropical
geometry of deep neural networks, Proc. ICML(35) 2018.

Related:
- M. Alfarra et al, On the decision boundaries of neural networks: A tropical geometry perspective, arXiv 2020.

PETIT\Y

ICASSP
2024, KOREA

- A. Humayun et al., SplineCam: Visualization of Deep Network Geometry and Decision Boundaries, CVPR 2023.
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NNs with PWL functions

Piecewise-linear functions used as activation functions o:
1. ReLU: max(0,v) or max(av,v), a < 1 withv:=w' 'z +b

2. Maxout: maxye[x) Vk With vg 1= WkTa: + by,

Iy

4 w g\

o2 ey o0) o(w Tz +b)
Cw

Ly /bT

Linear regions: maximally connected regions of input space on which
the NN's output is linear [Montufar et al., 2014].

PETIT\Y
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Figure: Input space is subdivided into convex polytopes, each of which is a
“linear region” for the NN. Reproduced from [Raghu et al., 2016]

Claim: more linear regions = more expressive power

PATIT\N

ICASSP
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PWL functions and tropical geometry

Convex + PWL: ideal to study under lens of tropical geometry -

Formally: tropical semiring (RU {—oc},V,+)
® binary “addition” z V y := max(x,y), “multiplication” x + y

® operations on vectors @, y:

max (1, Y1) .
By = : chEHy::\/a:i—i—yz-

max (T, Yn ) _

Key object: tropical {poly, posy, sig}nomials
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Single neuron result

An application of the fundamental theorem of LP yields:

The number of linear regions for a single maxout unit p(x) =

max;e k] 'ija: + b; are equal to the number of vertices on the
upper hull of N'(p)

® subsumes relu

® all terms corresponding to interior vertices can be removed without
affecting p(x) as a function.

PATIT\N
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Upper Hull

p(x,,x,)=max(1+2x,,2+x,,2,2+x,,1+2x,,2+x, +Xx,)
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For a collection of tropical polynomials, suffices to work with Minkowski
sums:

Proposition [Charisopoulos & Maragos, 2018]  [Zhang et al., 2018]

The number of linear regions of a layer with n inputs and m neurons
is upper bounded by the number of vertices in the upper convex
hull of

N(p1) & - & N(pm),

where & denotes Minkowski sum.

PATIT\N
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Main Result

Immediate application of a bound from [Gritzmann and Sturmfels, 1993
on faces of Minkowski sums gives

Proposition [Charisopoulos & Maragos, 2018]

The number of linear regions of n input, m output layer consisting
of convex PWL activations of rank k is bounded above by

g k(k=1)

min < k™, 2 ( = ) .

2
J_

In case of ReLU, use symmetry of zonotopes to refine to

- win {23 (7)1

=0
ICASSP
2024, Ko
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Counting in practice

Goal: given a network, count # of linear regions (exactly or
approximately)

Exact counting using insight from Newton polytopes:

> vertex enumeration algorithm for Mink. sums [Fukuda, 2004] =
requires solving Q(|vert(P)|) LPs.

> impractical unless problem is small

MIP representability of NNs [Serra et al., 2018]:
> Assumes bounded range of input space

> Requires enumerating solutions of MILPs

Geometric Algorithm: Randomized method for Sampling the Extreme Points of
the Upper Hull of a Polytope [Charisopoulos & Maragos 2019, arXiv:1805.08749v2],
[Maragos, Charisopoulos & Theodosis, Proc. IEEE 2021]

Computational Geometry: [Karavelas & Tzanaki, ISCG 2015]: A Geometric Approach for
the Upper Bound Theorem for Minkowski Sums of Convex Polytopes
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Geometry & Algebra of NNs with PWL Activations

Theorem (Wang 2004): A continuous piecewise linear
function is equal to the difference of two max-polynomials.

Theorem (Charisopoulos & Maragos 2018): The essential
terms of a tropical polynomial are in bijection 1 — 1 with the
vertices on the upper convex hull of its extended Newton
polytope.

Theorem (Zhang et al. 2018): A neural network with ReLU-
type activations can be represented as the difference of
two max-polynomials(*), i.e. with a tropical rational function.

[(*) Zhang et al. only call “max polynomials" those polynomials with integer slopes]

VAT

ICASSP
2024 rores



PETIT\Y

ICASSP
2024, KOREA

[Calafiore et al., 2019] use the Maslov dequantization to design
universal approximators for convex (+loglog-convex) data

f convex = f ~ fpwL & f ~ fr,
where fpwr, < fr < T'log K + fpwr, and are given by

4
fp = 1m ap,I —i—b 3
WI ; ?X}( k > k

K
fr :==Tlog (Z exp {bx + (ak, fc)]’l/T)

k=1

\

In particular, fixing € > 0 and compact C, a small enough 7" will
satisfy

sup [ fr(z) — f(z)| <e.

xecC
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Morphological Networks:
Geometry, Training, and Pruning

References:

V. Charisopoulos and P. Maragos, “Morphological Perceptrons: Geometry and Training
Algorithms”, Proc. ISMM 2017, LNCS 10225, Springer.

N. Dimitriadis and P. Maragos, “Advances in Morphological Neural Networks: Training,
Pruning and Enforcing Shape Constraints”, Proc. ICASSP, 2021.
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Motivation

B Explosion of ML research in the last decade (now models with near-
human or even human performance)

M Recent advances indicate shift towards nonlinearity, but...

B ..the “multiply-accumulate” (= linear) operations of the perceptron are
still ubiquitous

Our Questions:
* Are dot products and convolutions the only biologically plausible models of
neuronal computation?

* Can we use results and tools from “nonlinear” mathematics to reason
about complexity and dimension of learning models in current literature?
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Rosenblatt's perceptron

B Introduced in 1943, still prevalent neural model
B Activation: Gﬂw)::lvTx—+b
B Nonlinearity at the output (e.g logistic sigmoid, ReLU):
y(x) =o(o(x))
B Multiply-accumulate architecture — archetypal building block of all
architectures (e.g. fully-connected, convolutional etc.)

Z1
w1
Z2
- - Wo
x3 w3 U(') T
y(x) = o(w” x +b)
| /5‘
xn

PATIT\N
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Max-plus
Matrix
Algebra

Matrix Adjoint
A* 2 —AY

vector/matrix ‘addition’ = pointwise max

X\/y = [,fl'] \/y]..-..."lﬂ'” V.ljn
AVB = [a; Vb

vector/matrix ‘dual addition’ = pointwise min

]T

XAy = [-1'1 N YL a0 5 T /\UH]T
AAB = [a;; Aby]
vector/matrix ‘multiplication by scalar’
EFE = [B5F&0 s C+ 4’«711]T

c+A = [(? - (1.,'_]']

(max, +) ‘matrix multiplication’

n

[ABB; = \/ ai + by
k=1

(min, +) ‘matrix dual multiplication’

[A == B],‘j = /\ ik + I);,.J:
k=1
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Morphological (Max-Plus) Perceptron

B Introduced in the 1990’s. Instead of multiply-accumulate, computes a
dilation (max-of-sums):

n
T(x) = w! Bax i \/ w; + x;
=1

or an erosion:
T

x)=w! B ax s /\ w; +
=1
B Ritter & Urcid (2003): argued about biological plausibility and proved that

every compact region in n-dim Euclidean space can be approximated by
morphological perceptrons to arbitrary accuracy.

B Related to a Maxout unit.
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Solve Max-plus Equations via Adjunctions

Problems:
max-plus

——mXn

: S — =m
(1) Exact problem: Solve 0po(x) = AHx =b, AceR ", beR
(2) Approximate Constrained: Min ||[AHx — b||p=1..cc s.t. AHx<Db
Theorem: The greatest (sub)solution of (1) and unique solution of (2) is

m

x=ca(b)=A*EDb, [&];=\bi—aj, A*2-AT
7=1

and yields the Greatest Lower Estimate (GLE) of data b:

oa(ea(b))= AB (A'BDb) <b
min-plus

max-plus matrix product

Geometry: Operators 0, < are vector dilation and erosion, and
the GLE b — d(g(b)) is an opening (lattice projection).

Complexity: O(mn)
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Feasible Regions & Separability Condition for Max-plus Percepton

Let X € IRF*X" be a matrix containing the patterns to be classified as its

rows, let £*) denote the k-th pattern (row) and let C;,Cy be the two classes

Max-plus perceptron [7(x) = w! B a

n
(@) = wo V (wy +x1) V- V(wy + &p) = wo V (\/ w; + ‘ri)

=1

Feasible Region = Tropical Polyhedron

T (Xpos- Xneg) ={we R Xpos Hw >0, X,o Hw <0}
0.6 |- . - :g'l’ —
To +wy =0 :
Separability Condition, equivalent 0.4 - K . 4 . |
to Nonempty Trop. Polyhedron ~ pememmmmmmemmamiaenns begemmm s
202 . . :
*k / A a E o]
Xpos Bﬂ (Xneg BH O) 2 O 0 ’wTEH:Bﬁ[} - ry +wy >0
A : . o
0.2 s
AT 06 —04 _—02 0 02 04
ICASSP [ Charisopoulos & Maragos, ISMM 2017 ] 2
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Morphological Neural Nets (MNNs) and Training Approaches

* Constructive Algorithms

Dendrite Learning [Ritter & Urcid, 2003], Iterative Partitioning / Competitive Learning [Sussner & Esmi,
2011]: combine (max, +) and (min, +) classifiers, build “bounding boxes” around patterns

- "perfect" fit to data, no concept of outlier
* Morphological Associative Memories

Introduce a Hopfield-type network, computing (noniteratively) a morphological/fuzzy response (e.g.
Sussner & Valle, 2006):

* @Gradient Descent Variants

Min-max classifiers [Yang & Maragos, 1995], MRL nodes [Pessoa & Maragos, 2000], Dilation-Erosion
Linear Perceptron [Araujo et al. 2012].

* Recent Approaches:

Convex-Concave Programming (CCP) for Max-plus Perceptron and DEP (Binary Classification)
[Charisopoulos & Maragos 2017 |

Reduced Dilation-Erosion Perceptron (r-DEP) trained via CCP for Binary Classification [Valle 2020]
Dense Morphological Networks [Mondal et al. 2019]

Deep Morphological Networks [Franchi et al. 2020]

r-DEP for Multiclass Classification via CCP, L1 Pruning on Dense MNNs [Dimitriadis & Maragos 2021]
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A CCP Approach for Training MP on Non-separable Data

Training a (max, +) perceptron can be stated as a difference-of-convex (DC) optimization problem.

Solved iteratively (but global optimum not guaranteed) by the Convex-Concave Procedure (CCP)
[Yuille & Rangarajan 2003], implemented via Disciplined CCP (DCCP - CvxPy) [Shen et al. 2016]

Given a sequence of training data {T’ }”."

k=1 -

K
Minimize J(X, w,v) = Z vk - max(&g, 0)
k=1

( T
\/ w; + :c,E"') < &k if (%) € C
g & £ =1t

T
\/ w; + x,g’*) > & ifz® e
\ =1

Weighted
DCCP

Negative target

Positive target

1. Some measure of "being outlier” (e.g. proportional to 1/distance of the k-th

pattern from its class centroid)

&k (slack variables) Positive only if misclassification occurs at k-th pattern
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Two Binary Classification Experiments with small datasets,

Gradient Descent vs. CCP for Training (max, +) Perceptron

Ripley (GMM-2) and WBCD (~1k):

Gradient descent with fixed N = 100 epochs vs. CCP using

the DCCP toolkit for CvxPy (default parameters).

Ripleys WDBC
n SGD WDccp SGD WDccp
0.010.838 = 0.011 0.726 £ 0.002
0.0210.739 £ 0.012 0.763 £ 0.006
0.03 | 0.827 4 0.008 0.726 £+ 0.004
0.04 | 0.834 4 0.008 0.751 £ 0.007
0.05]0.800 £0.009| 0.902 |0.783 £0.012| 0.908
0.06 | 0.785 + 0.008 | +£0.001 | 0.768 +£0.01 | £0.001
0.07 1 0.776 £ 0.009 0.729 £ 0.009
0.08 | 0.769 4+ 0.01 0.732 = 0.01
0.09 | 0.799 £ 0.009 0.730 £+ 0.015
0.1 10.749 £ 0.011 0.729 £+ 0.009
CCP: more robust results
/TN

ICASSP
2024 Kores

Classification of initially separable Gaussian
data with randomly flipped labels 20%:

...... : No regularization (DCCP)
---- : Regularization (Weighted DCCP)
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y = f(x) = 26,,(x) + (1 — Ve (x)
(cAoSe
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Dilation-Erosion Perceptron Training

y =fx) =26, (x) + (1 = Dep(x) = 26, (x) — (1 — D[—€m(x)]
= convex — (—concave)
= convex — convex

Training as Difference-of-Convex Optimization via Convex-Concave Programming

N
minimize Z vi max{0, &}
i=1

subject to  Adw(X;) + (1 — Nem(x;) > =& Vx; € P,
ANw(X) + (1 —=Nem(x) < +€ VX €N

VAT
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X2

Effect of V' S P and Ordering Vector Data

Double Moons example

1.251 — 0.75 1 . ®

A A °
1.00 A'z"‘ 7 b, el 0.501 P b 8
k. T APNETARL.
0.751 T 3 P o % 0.251 of ACRR e e  E0%s .*
0.501 ‘% g s g,';'.:. I 'S
A “‘ A ° H R d
0,25 :‘ng?* AN ‘ﬂA

54 A ‘
g, K I -, R :"&:-J gt e v ‘55 o
0.001 *gA.‘- st q& E A¥§2 o ol ;‘:‘t. —0501 e at:"_ hd ‘A 3 *A -..Oﬂ_ ’ s Ag . ‘E“
A * ® Ao A oﬁcl ' ° l;"‘ ‘a‘% i . .-. {4 ? oA
“ons] B COL 3 .F. 0751 :‘:A:“m . A,‘:ﬁ as
—0.501 A .-g'm Cadii —1.001 g%ﬂ Q._._
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E "!.i.n" -‘." g f&&: - A A
] _ [} AA
: . —1.251
-10  -05 00 0.5 1.0 1.5 2.0 50  -1s

PN | L
4 5 . 0.001 JOY i AW SER' el »

—0.751

~10 05 00 05 1.0
X1

Reversed labels Correct labels

Reduced ordering [Valle 2020] for better ordering feature patterns:
Let V be a nonempty set, L be a complete lattice and p: V — L be a surjective mapping.
A reduced ordering is defined as: x <, y © p(x) < p(y) Vx,y € V.

Can be obtained via a supervised training on a set of positive and negative examples.

68



Experiments: Multiclass r-DEP, CCP training

MNIST FashionMNIST

n=5 |9772+0.01 88.21+0.01
n=10 | 97.72+0.01 88.07 +0.01
n=151| 97.67=0.01 88.11x=0.01
n=20 | 97.64+0.01 88.12+0.01

Table: Results of Bagging multiclass r-DEP with n RBF kernels.

* Performance similar to MLP-ReLU architectures trained via SGD
» CCP training is more robust

AT N
ICASSP [Dimitriadis & Maragos 2021]
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Dilation-Erosion Laye Dilation-Erosion Layer

Dense Morphological Network with 2 hidden layers [similar to Mondal et al. 2019]

Focus on Sparsity [Dimitriadis & Maragos 2021] 2 Apply #; Pruning
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Experiments: Pruning Dense MNN vs MLP-ReLU

Adaptive Momentum Estimation

Stochastic Gradient Descent

p ] 3 (6,e) FF-RelLU ] € (6,e) FF-RelLU

100% 97.62 96.17 97.95 98.13 94.86 93.36 96.07 98.16
75% 97.62 96.18 97.93 98.15 94.86 93.36 96.07 98.12

50% 97.62 96.22 97.90 98.17 94.86 93.37 96.07 98.08

E 25% 97.62 96.09 97.87 97.51 94.86 93.40 96.06 98.01
=, 10% 97.62 95.78 97.74 93.38 94.86 93.38 96.09 96.67
=  7.5% 97.62 9542 97.76 90.17 9486 93.38 96.10 95.56
5% 97.62 9451 97.66 83.39 94.86 93.40 96.10 92.96

2.5% 97.62 9343 97.37  68.93 94.86 93.39 96.09  80.48

1% N9762" 91.17 97.08 44.22 1 9486 93.38 96.08  58.07

100% 86.31 86.82 88.32 88.82 82.06 85.23 86.21 87.79
75% 86.30 86.81 88.30 88.88 82.00 85.23 86.21 87.75

E 50% 86.22 86.80 88.33 88.18 82.05 8525 86.20 87.19
= 25% 85.95 86.85 88.31 82.15 81.90 85.26 86.28 84.35
.,S. 10% 85.58 86.27 88.05 65.89 81.67 85.27 86.23 (322
< 7.5% 85.47 86.15 87.99 57.93 81.63 8527 86.21 63.95
s 5% 85.37 85.81 87.76 49.12 81.52 8524 86.22 47.73
2.5% 84.91 8547 87.56  42.48 81.14 8526 86.22  38.84

1% 81.14 84.86 86.85 28.13 80.68 | 85.27 86.18 | 35.46

Table: Accuracy of pruned networks on the MNIST and FashionMNIST datasets.

Models: § — only dilation neurons, € — only erosion, (4, €) — split equally, FF-ReLU — FeedForward NN with RelLU.

shades of red showcase the degree of (severe) deterioration in accuracy green indicates the absence of performance loss
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Qualitative Perspectives on Sparsity

0 5 10 15 20 25 0 5 10 15 20 25

(6,€) — Adam

0 5 10 15 20 25

(8,€) —SGD FF-ReLU —SGD

PETIT\
ICASSP
202/, KOREA Examples of hidden layer activations for various NN models (MNIST dataset)
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Minimization of Neural Nets via
Tropical Division

References:
G. Smyrnis, P. Maragos and G. Retsinas, “MaxPolynomial Division With Application to Neural
Network Simplification”, Proc. ICASSP 2020.
G. Smyrnis and P. Maragos, “Multiclass Neural Network Minimization Via Tropical Newton
Polytope Approximation”, Proc. ICML 2020.
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Tropical Polynomials

Tropical Semiring (R .5, V,+)

Ryax = RU{—00}
aV b =max(a,b)
a+b=a+0

Tropical Polynomials

f—————‘Realcoqﬁﬁjenm
f(x) = maxie[n]{aiTa: + b;}

PATIT\N
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Newton Polytopes

Newton Polytopes
Newt (f) = conv{a; : 7 € [n]}

ENewt (f) = conv {(a;, b;) : i € [n]}
Polytope computation
ENewt (f V g) = conv{ENewt (f) U ENewt (¢)}

ENewt (f + g) = ENewt (f) ® ENewt (g)

PATIT\N
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Example: Polytope Computation

f(z,y) = max(2z +y + 1,0)
g(z.y) = max(z,y,1)

(2,1,2)
UF(ENewt(fVg))

(2,1,1) (0,0,1) (0,0,1) (2,2,1)
(0,1,0) = = (0,0,1)
X”mli))(zalal) (3,1,1)
2\ :
(1,0,0)

(0,0,0) (0,0,0) (1,0,0) (1,0,0)

ENewt (f) ENewt (g) ENewt (f V g) ENewt (f + g)

fVg=max(2z +y+1,0,z,y,1)

R f+g=max(x,y,1,3x+y+ 1,20+ 2y + 1,2x +y + 2)
"nmw

ICASSP
2024 Korer
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General idea for Geometric NN Minimization

: o 3
Q 3 o
o a9
3 2 T -
@ =
—+ 1 1
0 | 0
= o
$ 4 3.4
QL 2 QL 2
Q- 5
& 0 5 4 ® 0 9 4
o 0 = o 0 “
i Tropical Degree 1 <

Tropical Degree 1
Original Network Polytope

Approximate Network Polytope
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Max-polynomial Division
Problem: Assume we have two max-polynomials p(x), d(x)

(dividend and divisor). We want to find two max-polynomials
q(x),r(x) (quotient and remainder) such that:

p(x) = max(q(x) + d(x),7(x))

However! The above is not always feasible (non-trivially).

Approximate Division: We relax the requirements, so that
the polynomials we want to find satisfy:
p(x) = max(q(x) + d(x),7(x))

We also require that g(x), r(x) satisfy the above maximally.

VAT
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Algorithm for Approximate Maxpolynomial Division

1. Let C be the set of possible
vectors ¢ by which we can h-shift
Newt(d) (each of which

. . 1.0 1
corresponds to a linear term in q).

2. We raise the shifted version of
ENewt(d) as high as possible so
that it still lies below ENewt(p),
and we mark the vertical shift as
q.. —0.5

3. We set the quotient equal to:

0.5 1

Coefficient

0.0 4

q(x) = max(q, + c'x) _1.0-
ceC

and add all terms not covered by 00 05 10 15 20 25 30
Tropical Degree

a h-shift ¢ to the remainder r(x).
Figure: Division Method
Division of p(x) = max(3x,2x + 1.5,x +1,0)
PATIT\N by d(x) = max(x,0).

ICASSP
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Division Example (1)

1.5 -
1.0 -
& 05- o
— O
g 0.0 -
@) @)
—-0.5 A —-0.5 A
—— p(x) —+- qlx)
—1.0 4 = d(x) -1.04 === qx)+d(x)
0 1 2 3 0 1 2 3
Tropical Degree Tropical Degree

Figure: Division of p(x) = max(3x,2x + 1.5,x + 1,0) by d(x) = max(x, 0).

Note: The Newton Polytope of the divisor is raised as much as possible, but it cannot
Il match the polytope of the dividend exactly. Thus, only 3 out of the 4 vertices are

ICASSP perfectly matched.
2024 rorer
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Division Example (2)

1.5 -
1.0 A
& 05 5
& i
g 0.0 g
@) @)
—-0.5 A
—_— p(x)
—1.0 4 = d(x)
0 1 2 3 0 1 2 3
Tropical Degree Tropical Degree

Figure: Division of p(x) = max(3x,2x + 1.5,x +1,0) by d(x) = max(x + 1,0).

p—— Note: In this case, the polytope of the divisor can match that of the dividend
"nmewn

ICASSP perfectly, so all vertices are covered.
2024 rorer
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Application to Neural Network Minimization

General idea: Our algorithm seeks to minimize the network by
matching the most important vertices of the ENewton Polytopes of
its maxpolynomials.

2-layer 1-output NN:
The NNs considered are the difference of two maxpolynomials.

For each of the two (+,-) maxpolynomials p(x) of the network, we
first find a divisor d(x). This is done by:

Finding the most important vertices of ENewt(p), via the weights of
the network (based on which combination of neurons is activated).

VAT

ICASSP
2024 rores
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Method for Single Output Neuron

® \Vertices Kept

® Vertices Kept
QO 3
g o
g 2 =
5 0.
(i E ©
1t =
0
A 2.5
3 2.0 224
=115 12 2,
2 1.0 8
005 o 1,
: . - 2.0 2.5 9 ().
E 0.0 0.5 1.0 1.5 2.0 5 0 = 2.0 2.5
3 i ®© 00 55 1.0 1520
e Tropical Degree e 0.0 05
™~

Tropical Degree 1

* Final polytope (right) is precisely under the original (left).
* The process is a “smoothing” of the original polytope.

(From the 8 vertices of the original-yellow polytope we keep only the
4 blue which comprise the vertices of the final-red polytope.)
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Properties of Trop. Div. Approximation Method

a0
b e
Wa11§R0D

0

=2
3. 4
&
<
o
®
©

o4

=
)
Q
<
s
<
o
©

9 2
0

e 0
o

9 4

0 . 1
% 0 2
1 [
Tropical Degree ™

Tropical Degree 1
Original Network Polytope

Approximate Network Polytope

Approximate polytope contains only vertices of the original.

The input samples activating the chosen vertices have the same output in
the two networks.

3. Atleast N

——m O(logn") samples retain their output
2f-0(;)

(N is # of samples, n and n’ the # of neurons in hidden layer before and after
PATIT\

the approximation). Note: this is not a tight bound.
chs?
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Extension with Multiple Output Neurons

@® Vertex 101 ® Vertex 101
4

4 |

WBI1§R0D)

3
2
1

JUBI1§20D)

s o G

0

3

2
1
0

3\@0‘\3—
w = =

]

—A
=
Q
.
<
o)
[0l
Q

—_

o 1 2 7

® 1
© Tropical Degree

4 521320

1 9 3

o]

Tropical Degree 1

Upper hull of polytope, Neuron 1 Upper hull of polytope, Neuron 2

- What we have: Multiple polytopes (one pair for each output

neuron), interconnected (Minkowski sums of same hidden
neurons but with different scaling weights).

« What we want: Simultaneous approximation of all polytopes
gt
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Trop. Div. method for Multiple Outputs: One-Vs-All Framework

-

Compress

VAT

ICASSP
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Experiments: Trop. Division NN Minimization

Neurons Kept TropDiv Method, | TropDiv Method, MNIST
Avg. Accuracy St. Deviation

Original 98.604 0.027 Dataset
75% 96.560 1.245
50% 96.392 11477
25% 95.154 2.356
10% 93.748 2.572
5% 92.928 2.589
Avg. Accuracy St. Deviation
Original 88.658 0.538 MNIST
75% 83.556 2.885 Dataset
50% 83.300 2.799
25% 82.224 2.845
10% 80.430 3.267

PATIT\N

'232‘&5@%5 [G. Smyrnis & P. Maragos, “Multiclass Neural Net Minimization, Tropical Newton Polytope Approximation”, ICML 2020]
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Revisiting Tropical Division

Reference:

I. Kordonis and P. Maragos, “Revisiting Tropical Polynomial Division: Theory, Algorithms and
Application to Neural Networks”, ArXiv 2023
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Tropical Division: Real Coefficients

B There is a unique quotient-remainder pair (in the case of real coefficients)

B Exact Algorithm
Compute the best convex underapproximation of the difference between the dividend
and the divisor

d(x) /:

-4

/7”7
ICASSP
2024, Ko

p(x) / K\

o [x)=p(x)-d(x)

f(x)
q(x)

p(x)
d(x)+q(x)
r(x)

0
X

2

f(x)=p(x)-d(x)

f(x)
E E|E JESNES




Tropical Division: Approximate Algorithm

B Alternating Minimization Scheme

U Phase I: Partition the data X; into subsets J; where affine term i is maximal in the quotient

J Phase 2: Maximize
Search for a quotient in the form

max1mlze E E a; :cj+b g(x) = \/alx; + b
a;,b; i=1

1=1 j&€J;
Set of data, for which term 7 1s maximal
subject to alx: +b; < f(x;). . -
J ! J+ b= f( 3)' af:z:‘,-%—b,zaf,a:thb,-/
a; © C
Set of slopes a such that

- Iterate Newt(d) @& {a} C Newt(p)
The optimization problem of Phase 2 is a linear program

B Results

) Solutions closer to the actual quotient

7w\ [ Tested in simple datasets, gives improved results for neural network compression

ICASSP
2024 Ko
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Minimization of Neural Nets via
Newton Polytope Approximation

Reference:

. P. Misiakos, G. Smyrnis, G. Retsinas and P. Maragos, “Neural Network Approximation

based on Hausdorff distance of Tropical Zonotopes”, Proc. ICLR 2022.
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Neural Network Compression

Real-life
applications

—>

Resources

Real-time
applications

SoA architectures improve accuracy by adding

Pruning: Find weights/neurons with the least contribution

v Pruning individual weights vs channels/neurons

after pruning

before pruning

Two notable approaches:
= Minimum magnitude
* Minimum inducing error

pruning
synapses

——

pruning
i
neurons

Iterative process:
1) Prune 2) Re-train

S. Han et al. “Learning both weights and connections for efficient neural network”, NIPS 2015

complexity!
v’ e.g. Increasing depth/width/connectivity

Optimize/compress a model with respect to:
m #parameters m FLOPS
m memory footprint m parallelization

Solutions:
Bottleneck layers, Shared Weights, Tensor
Decomposition, Quantization, Pruning/Sparsification

Approximately equivalent
polynomials

Pruning via Zonotope Approximation #pproximately equal

polytopes g

P. Misiakos, ..., P. Maragos, “Neural Network Approximation

based on Hausdorff Distance of Tropical Zonotopes”, ICLR, 2022 ) .
Theorem: NN with 1 hidden layer Hausdorff distance

I of zonotopes
max [[v(@) - (@)1 < p- (;H (P By) + (Q,»@J))

ReLU NNs

Tropical rational maps
[Zhang et al, 2018]

Polynomials & Polytopes equivalence

[Charisopoulos and Maragos, 2018] Positive and negative zonotopes: P; = ENewt (p;) Q; = ENewt (g;)

@ T il
® R ®
@ ® = = ) = T |
@ K-means on the / @
@' +and - @
= @‘ Zonotope ; ety 0
enerators :
g Approximated Zonotopes Reduced network

Single-output network Original zonotopes




Neural Network Tropical Geometry: Polynomials

17— th hidden layer neuron

fi(x) = max (af:t: + b;, O)

Tropical polynomial

j— th output layer neuron

/ / (@) =Y esefi@)

= Y eilfilx) = Y lesslfil)

b, Cj¢>0 Cj@'<0

1 hidden layer with ReLU =pj(x) — g;(®)
activations

_ Tropical rational function
PATITN

ICASSP
2024 KR4
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Neural Network Tropical Geometry: Polytopes

(af , b:)

fi(x) = max (af = + b;,0) 0/

ENewt (f;) is a linear segment

vi(e) = > lesilfi(®) — ) lejil fil)

c;; >0 c;j; <0

= pj(x) — gj(x)

P; = ENewt (p;)  Positive and Negative

zonotopes — or polytopes
; = ENewt (g;
b ©; ewt (¢;) for deeper NNs

cji (al, bi)  Generators of the zonotopes

PATIT\N

ICASSP
2024 KoRes
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Approximate Extended Newton Polytopes

/ \ vertices of the upper envelope of the
extended Newton polytope

o Approximate extended Newton Approximate tropical
"

ICASSP polytopes polynomials
2024 K04
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Approximating Tropical Polynomials

Proposition Let p,p € Ry,.« || and consider
the polytopes P = ENewt (p), P = ENewt (p).
Then,

max [p(x) — p(@)| < p- H (P, P)

|—> Hausdorff distance
of polytopes

PATIT\N

ICASSP
2024 K0
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Neural Network Approximation Theorem

Theorem: Consider two neural networks v, v with
output size m and P;,Q;, P;,Q; be the posmve and
negative extended Newton polytopes of v, v
respectively. Then,

max [[v(@) — 5(@)|1 < p- (i% (P By) + (@j,@j))

=1

Approximately equal Approximately equivalent
polytopes networks

VAT

ICASSP
2024 K0
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Single-output network

AT\

ICASSP
2024 oreA

K-means on the positive and negative zonotope generators

cz(ng‘, bo)

T~ _ i
e e1(ay . by)
A
eptad . by T i S

fa(al . bo)

~ .
—7 ez(agy ., bg)
"‘5(a§|’bﬁ) 3

cg(ag—, Lg)

er(ad’. by) 4 ca(aT By = crtal . by)

!:' o
{Easkean e M
Reduced network
Original zonotopes Approximated Zonotopes
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1

T2

LN

T

LR

Ld

Generalization for multi-output networks

K-means on the vectors associated with the
neural paths
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[ P. Misiakos, G. Smyrnis, G. Retsinas and P. Maragos, “Neural Network Approximation based on Hausdorff Distance of Tropical Zonotopes”, Proc. ICLR 2022 ]

PATIT\N

ICASSP
2024 Ko

Binary Classification Experiments

Performance Results: Comparison with tropical division

Percentage of MNIST 3/5 MNIST 4/9
iemam%ng Smyrnis et al., Zonotope Neural Path Smyrnis et al., Zonotope Neural Path
eurons 2020 K-means K-means 2020 K-means K-means

100% (Original)  99.18 +0.27 99.38 +0.09 99.38 +£0.09 99.53 +0.09 99.53 £ 0.09 99.53 +0.09
5% 99.12 £0.37 99.42 +0.07 99.25 £ 0.04 98.99 +0.09 99.52 £0.09 99.48 +0.15
1% 99.11 £0.36 99.39 +0.05 99.32 £0.03 99.01 +0.09 99.46 + 0.05 99.35 £ 0.17
0.5% 99.18 +0.36 99.41 +0.05 99.22 +0.11 98.81 +0.09 99.35 £0.24 098.84 +1.18
0.3% 99.18 £0.36 99.25 +0.37 99.19 £0.41 98.81 +0.09 98.22 +£1.38 98.22 +1.33

Multiclass Classification Experiments

Percentage of

MNIST

Fashion-MNIST

Remaining Smyrnis and Maragos, Neural Path Smyrnis and Maragos, Neural Path
Neurons 2020 K-means 2020 K-means

100% (Original)  98.60 £ 0.03 98.61 +0.11 88.66 £+ 0.54 89.52 +0.19
50% 96.39 £1.18 98.13 £0.28 83.30 £ 2.80 88.22 £0.32
25% 95.15 £ 2.36 98.42 +0.42 82.22 +£2.85 86.67 £ 1.12
10% 93.48 £+ 2.57 96.89 £ 0.55 80.43 +3.27 86.04 +£0.94
5% 9293 £2.59 96.31 £1.29 - 83.68 +1.06
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Comparison with Baselines

CIFARI10

Accuracy (%)
100

80

70

60

50

40 Neural Path

30 K-means

20 Random Structured 1
10 L1 Structured

4

CIFAR-VGG

0
.0 09 08 07 06 05 04 03 02 o0l 00
Ratio of Remaining Neurons

Accuracy (%)
80
- 70
< 60
(«D) 40
L |
30 Neural Path
<ﬂ K-means
2 —4— Random Structured
10 L1 Structured
0
- 10 09 08 07 06 05 04 03 02 o0l 00
/ !l“\ Ratio of Remaining Neurons
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CIFAR100
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50 .
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20 Neural Path
I K-means
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50
40
30
20 Neural Path
I K-means
10 —4— Random Structured
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101



Comparison with ThiNet and Baselines

MNIST

Accuracy (%)
100
90
O 80
“5 70
Z 60 | §
50 Neural Path
D) 40 —+ K-means
}4 30 —4— Random Structured
20 L1 Structured
10 —f— ThiNet
OI.O 09 08 07 06 05 04 03 02 OlI 00
Ratio of Remaining Neurons
Z Accuracy (%)
Q. 100
90
S
uU 70
60 \
50 Neural Path
E 40 —+ K-means
o 30 —4— Random Structured
+ 20 L1 Structured
% 10 —f— ThiNet
0
" — O 0 09 08 07 06 05 04 03 02 Ol 00
/ ...‘\ Ratio of Remaining Neurons
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Fashion-MNIST
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Optimal Solutions of Max-Plus
Equations and Sparsity

References:

R. Cuninghame-Green, Minimax Algebra, Springer-Verlag, 1979.

P. Butkovic, Max-Linear Systems: Theory and Algorithms, Springer-Verlag, 2010.

A. Tsiamis and P. Maragos, “Sparsity in Max-plus Algebra”, Discrete Events Dynamic Systems, 2019.

N. Tsilivis, A. Tsiamis and P. Maragos, “Sparsity in Max-plus Algebra And Applications in Multivariate Convex Regression”,
ICASSP, 2021.

N. Tsilivis, A. Tsiamis and P. Maragos, “Sparse Approximate Solutions to Max-Plus Equations”, Int’l Conf. Discrete Geometry
and Mathematical Morphology, 2021.

N. Tsilivis, A. Tsiamis and P. Maragos, “Toward a Sparsity Theory on Weighted Lattices”, Journal of Mathematical Imaging and
Vision, 2022.
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Solve Max-plus Equations

¢ Problems:
—Tl KT =i

(1) Exact problem: Solve d4(x) = AHBHx=b, AcR beR
(2) Approximate Constrained: Min [[ABx —b|,=1_  st. AHx<b

e Theorem: (a) The greatest (sub)solution of (1) and unique solution of (2) is

x=cq(b)=A"Bb=[\b—a;], A* £ -AT

and yields the Greatest Lower Estimate (GLE) of data b:
da(ca(b)=AHA*EH Db)<b
(b) Min Max Absolute Error (MMAE) unconstrained unique solution:

X=%X+u, p=|ABX—-Db|x/2

e Geometry: Operators 0, £ are vector dilation and erosion, and
the GLE b — d&(b) is an opening (lattice projection).
PATIT\ e Complexity: O(mn)

ICASSP
2024 KOREA
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Sparsest Solution to Max-Plus Equation
[Tsiamis & Maragos, DEDS 2019]

M A sparse vector = €R

max as many —oo elements.

B Let supp(x) be the support (the set of finite indices)
B We solve the following problems:

Exact Approximate
solution solution
oy jsupp (z) R supp ()
subject to AHz=1b subject to  |b— ABz|, <e
ABz<b

* NP-complete problem (~minimum set cover). Use greedy algorithms.
* Submodularity tools provide suboptimality bounds.
* Extensions to other Lp norms [Tsilivis, Tsiamis & Maragos, DGMM 2021 ]

105



Submodularity
B A set function f: U =2 R is called submodular if

F(AU{k}) — f(A) > f(BU{k}) —f(B) YACBC U, k¢ B.

B Idea of diminishing returns — natural in resource allocation problems.

B Often supplies fast, greedy, algorithms.

PATIT\N
ICASSP
2024 KoRER 106



Sparsest Solution to Max-Plus Equation — General Norms

» Extensions to other Lp norms [Tsilivis, Tsiamis & Maragos, DGMM 2021 ]

min [supp(x)|, s.t. [[b — ABx|; <e,
xeR2 (4)

AHx<b.

Greedy algorithm, as in p=1 — similar analysis.
Provides heuristic for sparse solutions without the monotonicity constraint:

«  ||b—ABX"|x
_|_

XSMMAE — X 9 ;

where X" is a solution of problem (4) with fixed (p, €).

Best approximation error among all vectors with same support.
Applications:

O Morphological Neural Networks Minimization

0 Convex Regression

VAT

ICASSP
2024 rores
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Morphological Neural Networks Minimization

* Sparse Solutions to Max-Plus Equations: neuron pruning in Morphological Neural Networks.

z = Wx z = Wx
X M Cam X M o
O — y=AHz O — y=Afz
- O O O ®
z O o ® ®
O ® ,
A N
Ao )

(a) A simple Max-plus block with (b) The same Max-plus block, after

d=4,n=>5k=3. pruning two neurons from its first layer.

* Experiments on image classification datasets:

MNIST FashionMNIST
Same performance, 64 128 64 128
Less neurons Full model 9221 9217 7927 8337
Pruned (n = 10) 9221 9217 7927 8337
PETIT\Y
ICASSP

[Tsilivis, Tsiamis & Maragos,
DGMM 2021]
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Multivariate Convex Regression

K
. . . . _ T b
» Convex functions as piecewise linear p(x) = a;X + O,

k=1
Approximation from data by solving max-plus systems of equations.

Sparsity = Few affine regions.

I SMMAE
. mEm SGLE
* Improved results over non-sparse
approximation:
03 —e- MMAE
0341 | \
i\
ﬁ 0.32 -l \- ‘/_._ ___________ -
fos 1 M7
030 |
|
028 |
L
0.26 A
0 20 40 60 80 100
K
VETIT\S

ICASSP [Tsilivis, Tsiamis & Maragos, I[CASSP, 2021]
2024, K0e
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Tropical Approximation

References:

I. Kordonis, E. Theodosis, G. Retsinas, P. Maragos, “Matrix Factorization in Tropical and
Mixed Tropical-Linear Algebras”, Proc. ICASSP, 2024.

PETIT\Y
ICASSP
2024, KoREA 110



Mixed Tropical-Linear Approximation

Mixed Tropical-Linear Map: Linear Transformation followed by a max-plus

fl@)=ArB(ALz)

Tropical Polynomial Map: Maximum of a set of affine terms

K alx
p(x) = \/(a?m +b;)=1[by ... by ]HH | :
i=1 alx

Approximation problems involving tropical mappings
Yp ~ f(xr)

AT\

ICASSP
2024 KoRes



Mixed Tropical-Linear Approximation: Formulations

Mixed Tropical-Linear Map Approximate
f(z) = Ar B (ALz) Y ~ f(xx)

Problems and Research Directions:

Max-plus regression: Given a set of input vectors @y, a set of target vectors Y, and
matrix A, find the tropical matrix Ar that best fits the data

Tropical inversion: Given matrices Ay, Ar, and the target Y , find the input &

Tropical regression: Given a set of input-target pairs, find the mapping matrices Ay, Ar
Tropical compression: Given a set of targets Y., find a set of input vectors and a pair of
matrices that best fits the data

s~ Relationships among these problems; develop algorithms for their soln and applications

ICASSP
2024 KoRes 112



Tropical Inversion: Relation to Other Problems

Tropical inversion: Given the matrices A7, A; and the output Y solve

minimize |y — Ar B (Arx)||

xcRd

Interesting special cases:

B Bellman’s equation
B Tropical Factorization

B Tropical Regression

PATIT\N

ICASSP
2024 KorEeA 113



Bellman’s equation as tropical inversion - 1

Consider a Markov Decision Process
M Statesin {/,2}, Action a in {/,2}, Reward r(s,a)

B Total discounted reward.:

ZZO:O kar(sk‘a a’k)

Bellman’s Equation:

total expected reward starting from state s :

2
Vi = max (r(s,a) + qu])S,S,(a)\@,)’ s=1,2

ac{l,2} vt

VAT

ICASSP
2024 K0

P1x(a@) R
1), 2
ri(a) P2i(a)

p;-(a): Probability of moving from
state s=1 to state s'=2 under action a

Poxa)
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Bellman’s equation as tropical inversion - 2

Consider a Markov Decision Process

M Statesin {/,2}, Action a in {/,2}, Reward r(s,a)

Total discounted reward with factor y:
z:ziﬂ’YkT(Sk;ak)
Bellman’s Equation

2
Vi = max (r(s,a) + ’yZpSﬂS,(a)V,,.,), s=1,2
} .f_1 |

ac{l,2
l Substituting
Vi = max(ry1 +v(0.9V; + 0.1V3), 71 2 + 7(0.2V; + 0.8V3)),
1/2 — lIl‘dX(‘I'Q_l . ’}(04‘/1 - U()VQ), roo + "}’(U.IVQ o ix UQV‘;)).
l Subtracting V. from both sides

s\ 0=max(ri1+ [09y—1 0.149]V, ri2+[02y—1 0.87]V)
ICASSF
2024 () = max(r1,1 + [0.4y 0.6y—1]V, ri2+ [0.17y 0.9y —1]V)

Pa) R
1), 2
ri(a) P2i(a)

Poxa)

p;-(a): Probability of moving from
state s=1 to state s'=2 under action a

Transition probability matrices

0.9 0.1 0.2 0.8
F1= [0.4 0.6] P2 = [0.1 0.9}

Value as a vector

Vi
V =
[Vz] 115



Bellman’s equation as tropical inversion - 3

Bellman’s Eaquation ‘

V. = max
ac{1,2

l

0 = max(ry,1 + [0.97 — 1
()= max('rl,l -+ [0.47 0.6y — 1] V, ria+ [0.17 0.9y — 1]V)

2
r(s,a)+ st (@)Vg), s =1,2
}( (s,a) 7;11, (a)Vy)

0.19]V, ri,2+ [0.2y — 1

0.87]V)

Write in terms of a Tropical Inversion Problem

VAT

ICASSP
2024 K0

where

AL =

0=ArB(ALV)

0.9y -1
0:2y—1
0.4~

0.1y

0.1y

0.8
0.6y —1
.9y — 1

1.1
— 00

1,2
— 00

—EX
724

—%3
5.0
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The Tropical Inversion Problem: The Double Projection Algorithm

Tropical inversion problem Max-plus inversion problem
Find & such that Find v such that
flx)=ArB (A x) ArHBHo

1s as close as possible to a target value ¢y | as close as possible to a target y

Project to the tropical cone

S,:{ATEHUIUERTR}

Project to the linear v
subspace

Ps(y) = Afv - v=ALH y+ (A7 B (A5 B y) — yllo/2
S"={Apx:xc R} N

r3 <31 + 2
‘ (_ o1 < max(xa, x3)
i 1 S23+2

T3 < max(xi,xs — 1)

Geometric Problem: Describe set S
A set like S
PATIT\N 0

S:{ATEB(ALSE)Z.’BGRC{} \ _
ICASSP \ 9 [Allamigeon et al. 2010]
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Tropical Matrix Factorization (TMF): Algorithm

C.D

minimize | ‘ Y — C _D ‘ ‘ F Early work: De Schutter and De Moor 1990°s

More recent: Karaev et. al 2010°s, Omanovic

Algorithms:

B Exact (using Extended Linear
Complementarity Problem)

B Gradient-based
B Max-plus based

Algorithms for Tropical Compression

et. al 2020’s

Our:
B Improved Gradient-based

B Compares favourably with the literature

Combine algorithms for TMF with ordinary low rank approximation

PATIT\N
ICASSP

o s [ LK., E.T., G.R, P.M. “Matrix Factorization in Tropical and Mixed Tropical-Linear Algebras”, ICASSP2024 ]

118



VRIS subj. to  rank(D) < d

The Tropical Compression Problem

Problem: Given a set of vectors ¥y, - - -, Yy determine appropriate matrices Ay, A7 and
datapoints 1, . ..,y € R? thatsolve

mi:AL:AT

N
minimize Z |y, — Ar B (ALiBz')Hg
i=1

Multi-person utility learning: Model the preferences of users, based on past choices
B Users: They have a preference according to the features of the items (unknown function)
M /tems: They have unknown features x;

Reduction to a Constrained Approximate TMF: For X = [z1 ... 5], Y = [y, ... yy]
the problem is written as:

minimize |[Y — CH D|r
C,D
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Application of Tropical Compression in Recommender Systems

Movielens 1M Dataset Implicit Feedback
B Set of Users Movie
W Set of N Movies
User —Y

x;,AL,AT

N
minimize Z |y, — Ar H (Arz;)|;
j=1

Use Tropical Compression on Y

B Get the matrices and the estimated features

B Compute the probability of person i watch movie j

B Results better that well-regularized linear matrix factorization
(Hit Rate @10 - Success %: 74.3 vs 73.1)
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Conclusions

B Interesting and diverse approximation problems use Tropical Maps.
Several motivations.

B Interesting Geometry/Combinatorics

B Exact solutions are difficult. Focus on approximate algorithms

B Central role of Tropical Matrix Factorization in analysis and algorithms

B Applications, e.g. Recommender Systems
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Tropical Regression and
Piecewise-Linear Surface Fitting

Main References:
P. Maragos and E. Theodosis, “Multivariate Tropical Regression and Piecewise-Linear Surface Fitting”,
Proc. ICASSP, 2020.
P. Maragos, V. Charisopoulos and E. Theodosis, “Tropical Geometry and Machine Learning”,
Proceedings of the IEEE, 2021.

Related:

A. Magnani and S. Boyd, “Convex piecewise-linear fitting,” Optim. Eng., 2009.

J. Hook, “Linear regression over the max-plus semiring: Algorithms and applications,” ArXiv 2017.

A. Ghosh et al., “Max-Affine Regression: Parameter Estimation for Gaussian Designs”, IEEE T-Info. Theory, 2022.
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Optimal Regression for Fitting Euclidean vs Tropical Lines

Problem: Fit a curve to data (x,,y,), i=1,...,m
Euclidean:
Fit a straight line y = ax + b by minimizing /,-norm of error:

o (Sl 1
Z(xl.)z—(le.)z/m - mzi:yi l

Tropical:

Fit a tropical line y = max(a + x,0) by minimizing some ¢ ,-norm of error:

]

Greatest Subsolution: a =MINy, —x, , b=MIN y.

8

Target Data

—— Tropical
Euclidean

0 2 4 i 8 10
Input Data
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Solve Max-plus Equations

e Problems: B
(1) Exact problem: Solve 4(x) = ABHx=b, AeR """, beR"

(2) Approximate Constrained: Min [|[AHx —b||,=1. ~ s.t. AHx<b

e Theorem: (a) The greatest (sub)solution of (1) and unique solution of (2) is

x=cq(b)=A*Bb=[\b—a;], A*& -AT

and yields the Greatest Lower Estimate (GLE) of data b:
Lattice Projection: dalca(b))=AHA*H b)<b
(b) Min Max Absolute Error (MMAE) unconstrained unique solution:

X=X4+pu, p=||ABX—-Db|/2

e Geometry: Operators 0, ¢ are vector dilation and erosion, and
the GLE b — d2(b) is an opening (lattice projection).

IICE\P = Domplexty: Hloy Sparse solutions: [Tsiamis & Maragos 2019], [Tsilivis et al. 2021]
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Optimally Fitting Tropical Lines to Data

Problem: Fit a tropical line y = max(a + x,b) to noisy data (x,, f,), i=1,...,m,

Greatest Subsolution (GLE): Ww=(d,b), 4= MIN 1 —x, , b= MIN f.
Min Max Abs. Error (MMAE) Solution: w=w+ u, u=||GLE error||_ /2

x; 0 Ji
S a . a P i — &
H = : _— | & | = .
{ b } . { b ] [ /\zj; ]
B 1 N fm S . = o -
~ - =7 W N _/— v’i/ X*EB’f
X

PATIT\N
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Numerical Examples of Optimally Fitting Tropical Lines to Data
Problem: Fit a tropical line y = max(a + x,b) to noisy data (x,, f,), i=1,...,m =200,

Greatest Subsolution (GLE): W= (4,b), d= MIN f, —x, , b= MIN f
Min Max Abs. Error (MMAE) Solution: w=w+ u, u=|| GLE error || /2

Max-plus Tropical Line Fitting Max-plus Tropical Line Fitting
8| Ground Truth: 8
z 6 g 6
A a
% 4 % 4
= &
i [ — Tropic GLE N — Tropic GLE
> —— Tropic MMAE —— Tropic MMAE
— Fuclid LSE — Euclid LSE
0 0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
Input Data [nput Data
(a) T-line with Gaussian Noise (b) T-line with Uniform Noise
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Optimal Fitting 1D Max-Plus Tropical Polynomials to Data

We wish to fit a tropical polynomial f(x) to given data (x;, f;) € R%, i = 1

K
f(x) = max(apx + by, a1 x +bi,arx+ba,..., agx+bg) = V arpx + by

k=0

where a; € Z, by € R, and f; = f(x;) + error, by minimizing the ¢; error norm. For
example, if @, = k — |1 we have a K-degree tropical polynomial curve:

f(x) =max(by,x+b|,2x+b>,...,Kx+bg)

The equations to solve for finding the optimal parameters b become:

i b()

apX) aixX| axxy -+ agx by fi

apXxa X2 axxp -+ agXx2 / g

Bl =|"

apXy A1 Xy, A2Xy - AKXy b .f;n

N -~ > L K_ W_/
X T f
Optimal solution for minimum £ error
- X X X m )
bo —apX) —apxz -+t —apXy h i—1 Ji — aox;
7 " . " g m y .
by b @t TAX AR e A | 12 i=1 Ji — a1x;
/. ll“\. n ' ’ . m '
IzgéASSP bk —AgX| —agX2 -+ —AgXpy Jm i—1Ji — akxi
4'n1:i-|-.’;
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Problem: Fit a tropical plane z = max(a + x,b + y,c) to noisy data (x,, y,, f,),

Optimal Fitting Max-Plus Tropical Planes to Data

Greatest Subsolution (GLE): w= (&,Z;,é)

Min Max Abs. Error (MMAE) Solution: w=w+ u, u=||GLE error||_ /2

I 51 0
| T Ym 0 i
X

/\'i fi — i
/\i Ji — Yi
N\; fi

X*H'f

Ground Truth:

z=max(x+5,y+7,9)

Noise: N(0,1)
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Optimal Fitting 2D Higher-degree Tropical Polynomials to Data

Data (noisy paraboloid): \
3D tuples (x;,y,, f;) € R’ '

fi = xi2 +.yi2 +é&,
(x;,y,) ~ Unif[-1,1]
g ~ W(O,O.252)

Model:
Fit K-rank 2D trop. polynomial

p(x,y) =MAX{a,x+by+c,| (a) 2D conic (K=11)

by minimizing error || £, - p(x, ) I,

Estimation algorithm:
K —means on data gradients — a, , b,

solve max-plus eqns — ¢,

Complexity: ~ Linear
O(#data, #dimensions)

xr r

(c) K=25 (d) K=100
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Multivariate Convex Regression

K
. . . . _ T b
» Convex functions as piecewise linear p(x) = a;X + O,

k=1
Approximation from data by solving max-plus systems of equations.

Sparsity = Few affine regions.

I SMMAE
. mEm SGLE
* Improved results over non-sparse
approximation:
03 —e- MMAE
0341 | \
i\
ﬁ 0.32 -l \- ‘/_._ ___________ -
fos 1 M7
030 |
|
028 |
L
0.26 A
0 20 40 60 80 100
K
VETIT\S

ICASSP [Tsilivis, Tsiamis & Maragos, I[CASSP, 2021]
2024, K0e
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Generalized Tropical Versions of Lines & Planes over Max-* Algebras

Max-plus Tropical Line

y=max(a+x,b)

Max-product Tropical Line
y=max(a-x,b)

Max-min Tropical Line

y = max(min(a, x),b)

a

(b—a)

b

b/a

0

b

(11,11,11)
2k

(9,9,9)
(-2,7,7) 3
2 (7. 7,200
10
s .—5.9)
] (7, 5, 7)

0
R 5
PATITAY 10
ICASSP .
2024, KOREA Max-min plane z = max(9 A x, 11 Ay, 7).

SoftMax-SoftMin Tropical Line

L=
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Conclusions

Tropical Geometry, and its underlying max-plus algebra, provide principled and
insightful tools for analysis of NNs with PWL activations and other ML systems.

NNs with nonlinear max/min-plus nodes: similar performance and superior
compression ability compared to linear counterparts. Trained via CCP or SGD/Adam.

Tropical Regression: Tropical Polynomials for multidimensional data fitting using
PWL functions. Low-complexity algorithm from optimal solutions of max-plus eqgns.

NN Minimization: TG offers effective and insightful tools for compression of NNs.

Mixed Tropical-Linear Approximation can solve several types of optimization
problems.

Future work: extensions to deeper networks, nonconvex settings, and to more
general functions using max-* algebra on weighted lattices. Tropical Approximation

/s7wow\ theory & applications.
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Thank you for your attention

Collaborators and References

TG&ML: Vasilis Charisopoulos, Manos Theodosis

NN Minimization:
Georgios Smyrnis, Panos Misiakos, George Retsinas, Nikos Dimitriadis

Tropical Approximation: loannis Kordonis

Tropical Sparsity: Anastasios Tsiamis, Nikos Tsilivis

For more information, demos, and current results:

http://robotics.ntua.gr and http://cvsp.cs.ntua.qr
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